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ABSTRACT 
The study develops a hypothesis validation process to test whether estimated cost inefficiency fits the theoretical 
distribution of the estimate of inefficiency, given the initial assumption of a half normal distribution for the ineffi-
ciency term in the stochastic frontier model. The application of this methodology to a sample of Spanish banks in the 
period 2002-2007 allows us to observe the evolution of the distributions of estimated cost inefficiency. The results 
confirm for the existence of a relationship between estimated cost inefficiency and the financial situation of these 
entities. In fact, an increase in the probability of higher levels of inefficiency is observed the period of study, coin-
ciding with the beginning of financial instability in the Spanish banking system. 
Keywords: Stochastic Frontier, Cost Inefficiency, Estimated Inefficiency. 

La distribución de la ineficiencia estimada como predictor de 
inestabilidad financiera 

RESUMEN 
El estudio desarrolla un proceso de validación de hipótesis que pretende contrastar si la distribución de la ineficiencia 
en costes estimada se ajusta a la distribución teórica de la ineficiencia estimada, dado el supuesto inicial de half 
normalidad del término de ineficiencia en el modelo de frontera estocástica. La aplicación de esta metodología a una 
muestra de bancos españoles durante el periodo 2002-2007 permite observar la evolución de las distribuciones de la 
ineficiencia en costes estimada. Los resultados muestran evidencia de una relación entre la ineficiencia en costes 
estimada y la situación financiera de esas entidades. De hecho, las distribuciones muestran un incremento en la 
probabilidad de los mayores niveles de ineficiencia en los últimos años del estudio, coincidiendo con el comienzo de 
la inestabilidad financiera en el sistema bancario español.  
Palabras clave: Frontera estocástica, ineficiencia en costes, ineficiencia estimada. 
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1. INTRODUCTION 
The present study aims to propose a solution for the emphasized, among 

others, by Berger and Humphrey (1997) about the inexistence of a priori justifi-
cation for imposition of the distributional assumption on the inefficiency term in 
the stochastic frontier approach. One of the pioneering studies on this 
methodology, Aigner et al. (1977), establishes the assumption of an exponential 
or half normal distribution on the inefficiency term. However, there is no reason 
to justify the selection of a distribution that imposes a null mode. The specifica-
tions of more general functional forms, like truncated normal (Stevenson, 1980) 
and two parameters gamma (Greene, 1990) have partially resolved this 
problem; however, efficiency measures can be sensitive to distributional as-
sumptions. Kumbhakar and Lovell (2000) provided estimates based on the 
estimated cost frontier in Greene (1990) and obtained correlations of ineffi-
ciency estimates that ranged from 0.747, between exponential and gamma, to 
0.980, between half normal and truncated normal. Recently, it is concluded that 
distributional assumption is of considerable importance, due to differences in 
the estimated parameters with each assumption (Fried et al., 2008, chapter 2). 
One aspect to take into account is that the distribution of the estimate of ineffi-
ciency cannot be expected to coincide with the distribution assumed on cost 
inefficiency. In this sense, Wang and Schmidt (2009) and Bhandari (2011) have 
developed the distribution of the estimate of technical inefficiency with the 
assumptions of half normal and truncated normal distribution, respectively. The 
former proved that it is not appropriate to assume a half normal distribution for 
estimated inefficiency when inefficiency is distributed as a half normal, unless 
the random error variance is very small. Wang et al. (2011) propose tests in 
order to check the goodness of fit of the assumed distribution. 

Given this discussion, the primary goal of the study is to establish a hypothe-
sis validation process to test the validity of the half normal distributional as-
sumption on the inefficiency term in the cost frontier. Furthermore, this paper 
aims to confirm whether the distribution of the cost inefficiency estimate can be 
considered a sufficiently significant indicator for it to be taken into account for 
the prediction of financial instability situations. A sample of entities of the 
Spanish banking system is selected in the period previous to the beginning of 
the current situation of instability in the financial markets (2002-2007).  

The paper is organized as follows: Section 2 explains the methodology, Sec-
tion 3 presents the data used, Section 4 shows the results and Section 5 high-
lights the main conlusions. 

2. METHODOLOGY 
The present study applies the stochastic production frontier model proposed 

by Aigner et al. (1977) and Meeusen and van den Broeck (1977). Through 
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modification of the specification of the error term, the stochastic cost frontier 
model can be obtained: 

lnCi = α0 + �βplnyip + �δmlnwim + εi

n

m

r

p

        i = 1,2, … , I (1) 

where lnCi is the cost logarithm, lnyi is the outputs logarithm, lnwi is the price 
of the inputs logarithm and εi is the perturbation composed of the sum of ui, 
interpreted as cost inefficiency effects, and vi, as random effects of the decision-
making unit i. 

Following the assumption of a half normal distribution proposed by Aigner 
et al. (1977) on the inefficiency term, Jondrow et al. (1982) consider the distri-
bution of u conditional on ε to make estimates about technical inefficiency, u. 
Specifically, a point estimate of u, u�, can be made through the mean of the 
conditional distribution. In the case of a costs frontier, the expression is: 

u� = E(u ε⁄ ) = σ∗ �
f(−ελ σ⁄ )

1 − F(−ελ σ⁄ ) + �
ελ
σ
��    (2) 

where 𝑓 and 𝐹 represent the standard normal density and distribution functions, 
respectively, and σ∗2 = σu2σv2 σ2⁄ ,  σ2 = σu2 + σv2 and  λ = σu σv⁄ . 

As Wang and Schmidt (2009) did for technical inefficiency, from Equation 2 
it is possible to obtain the theoretical distribution of the cost inefficiency esti-
mate, u�, when u is assumed to be distributed as a half normal.  

Since function u� = E(u ε⁄ ) = h(ε) is monotonic (strictly decreasing), it can 
be inverted ε = h−1(u�) = g(u�) and the density of the estimate can be calculated 
through the following expression: 

 fu�(u�) = fε�g(u�)� ∙ |g′(u�)| (3) 

where fε and fu� represent the densities of ε and u�. 
The density of ε (Aigner et al., 1977) is the following: 

fε(ε) = (2 σ⁄ ) ∙ f(ε σ⁄ ) ∙ F(−ελ σ⁄ ) (4) 

The Jacobian term |g′(u�)| is obtained from the equation: 

g′(u�) =
σ2

σu2 ∙ [−1 + c′(g(u�)∙λ σ⁄ )]    (5) 

where c′(s) = −s f(s)
1−F(s) + � f(s)

1−F(s)
�
2
. 
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Substituting Equations 4 and 5 in Equation 3, the theoretical distribution is   

fu�(u�) =
2σ ∙ f �g(u�)

σ � ∙ F �−g(u�) ∙ λ
σ �

σu2|−1 + c′(g(u�) ∙ λ σ⁄ )|    (6) 

Finally, it would be of great interest to ascertain whether point estimates 
obtained in Equation 2 from a real sample of data emerge from the theoretical 
distribution of inefficiency estimate, given the initial hypothesis (Equation 6). 
In order to test if the discrepancy between these distributions is significant, the 
Kolmogorov Smirnov statistics of goodness of fit is applied, following Wang et 
al. (2011). 

Validation of the model requires testing the existence of inefficiency effects 
(Dios-Palomares, 2002), the functional form of the frontier and the temporal 
variability of the inefficiency effects. 

2.1. Testing the existence of inefficiency effects 

As argued in Coelli (1995), if we consider a frontier model with the assump-
tion of a half normal distribution for inefficiency, it will be possible to test the 
existence of technical inefficiency by contrasting the null hypothesis σu2 = 0 
with the alternative hypothesis σu2 > 0. This hypothesis can be tested by using 
several statistical models. One of these is the Wald test, W = ρMV� SρMV�⁄ , which 
is frequently used in applications of the stochastic frontier model. This statistic 
is asymptotically distributed as a standard normal and contrasts ρ = 0 

against ρ > 0, where ρ = σu2

σu2+σv2
  and the critical region is defined by � ρMV�

SρMV�
� >

zα 2⁄ . 

2.2. Testing the model of stochastic frontier 

Below, we specify a series of hypothesis tests using the one-sided 
generalized likelihood ratio (LR) test to check several aspects in the specifica-
tion of the stochastic frontier model (Zajc, 2006). This statistic is asymptotically 
distributed as a chi-square random variable with a number of degrees of free-
dom equal to the number of restrictions and is calculated as:  

LR = −2{ln[L(H0)] − ln[L(H1)]} (7) 

where L(H0) and L(H1) are the value of the log likelihood function under the 
null and alternative hypothesis, respectively. The critical region of the test with 
size α is defined by LRexp > χrestrictions;α

2 . 
a) Testing the temporal variability of inefficiency effects. According to Lee 

and Schmidt (2003), uit = β(t) ∙ ui, where β(t) = exp{−η(t − T)}; so  uit is 
distributed as an exponential function of time, where ui represents random i.i.d. 
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variables as a truncated normal and η is a unknown parameter to be estimated. 
In this way, the null hypothesis of inefficiency effects with non significant 
variation through time, H0: η = 0, is contrasted with the alternative hypothesis, 
H1:η ≠ 0, where the critical region is defined, from Equation 7, by LRexp >
χ1;α
2 . 

b) Testing the functional form of the frontier. To ascertain whether the 
most appropriate functional form to impose on the cost frontier in the present 
study is the Cobb-Douglas or the translog, the null hypothesis H0: Cobb −
Douglas is contrasted with the alternative hypothesis H1: translog by means of 
a whole significance contrast of the parameters of the translog that do not ap-
pear in the Cobb-Douglas, with a critical region defined as LRexp > χ10;α

2 . 

3. DATA  
Following earlier studies, such as Altunbas and Chakravarty (2001), Maudos 

and Pastor (2003), Weill (2003), Pasiouras (2008), Delis et al. (2009), the in-
termediation approach, suggested by Sealey and Lindley (1977), has been 
adopted to select inputs and outputs of banking activity (see Table 1).  

The data set necessary in this study has been selected from balances and 
profit and loss accounts of Spanish banking entities existing during the period 
2002-2007 and is available from the Spanish Bank Association (AEB). A repre-
sentative sample of 26 DMUs of the Spanish banking system is studied. The 
sample includes only Spanish entities. They are mainly commercial banks with 
a more or less marked regional character. 

Table 1 
Definition of variables 

Variable Name Definition 

y1
 Credit to clients Sum of outstanding balance of credits provided to clients 

(millions of euros) 

y2
 

Securities portfolio Fixed and variable interest investments, property of the entity 
(millions of euros) 

x1
 Loanable Funds Sum of the balance of deposits of clients in the entity 

(millions of euros) 
x2

 
Physical Capital Value of tangible fixed assets of the entity (millions of euros) 

x3
 

Employees Number of employees of the entity (thousand) 
w1

 
Price Loanable Funds Interests / Total liability (euros) 

w2
 

Price Physical Capital Recovery and maintenance /Physical Capital (euros) 
w3

 
Price of Labour Personal expenses / Employees (thousand euros) 

C Total Cost ∑𝑤𝑖𝑥𝑖 (millions of euros) 

Source: Own elaboration. 
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Table 2 shows that total costs have increased more than one hundred per-
centage points. In the outputs, the growth rates of credits and securities portfolio 
are positive, more than two hundred percentage points in the last case. 
However, in the inputs estimated, only the price of physical capital shows a 
negative trend due to the increase of employees. 

Table 2 
Averages of the variables in the cost function 

Variable Mean Std. Dev 2002 2003 2004 2005 2006 2007 

y1 17370.86 35225.42 10957.88 12350.17 14433.60 18043.33 22465.88 25974.31 
y2 3399.43 9665.49 1465.77 2189.94 2401.13 5612.46 4120.17 4607.12 
x1 14843.13 30506.07 11215.37 11645.28 11559.88 15347.69 18421.77 20868.77 
x2 226.62 462.90 220.79 213.42 209.12 240.27 251.10 225.00 
x3 3.59 6.79 3.52 3.54 3.57 3.58 3.62 3.74 
w1 0.04 0.04 0.04 0.03 0.05 0.03 0.04 0.06 
w2 0.23 0.32 0.19 0.25 0.32 0.25 0.17 0.18 
w3 61.50 47.09 56.11 53.30 58.17 57.32 61.93 82.19 
C 936.58 2130.15 739.51 666.06 682.01 867.83 1091.88 1572.17 

Note: 26 banks, period 2002-2007, 156 observations 

Source: Own elaboration. 

4. RESULTS 
Firstly, the presence of cost inefficiency is confirmed in the stochastic fron-

tier model, as indicated by from the significance of the parameter ρ, 
ρMV� =0.754 and sρMV� =0.127, explained in Section II.  

Regarding the assumptions in the stochastic frontier model, the results of the 
test are presented in Table 3. 

Table 3 
Hypothesis Contrasts 

Test Ln(H0) Ln(H1) LR f.d. 2
g.lχ  Result p-value 

a -79.707 -65.325 28.765 1 10.827 RH0 0.001 
b -115.780 -79.707 72.146 10 29.588 RH0 0.001 

Notes: RH0: the null hypothesis is rejected; a) temporal variability of inefficiency effects; b) functional form of 
the frontier 

Source: Own elaboration. 

From the results presented in Table 3, the following conclusions are ob-
tained: 
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a) Inefficiency effects vary over time, and so it is assumed that the ineffi-
ciency error component is distributed as an exponential function of time. 

b) The functional form of the cost frontier that best fits the data used in the 
study is the translogarithmic one. 

The point estimation proposed by Jondrow et al. (1982) has been carried out 
by using software Frontier 4.1. Table 4 shows the mean, the mode and the per-
centiles 2.5 and 97.5 of estimated cost inefficiency for each unit. 

Table 4 
Inefficiency estimates for each unit in the period 2002-2007 

i E(ui /ε i ) Mo(ui /ε i ) Pi2.5 Pi97.5 i E(ui /ε i ) Mo(ui /ε i ) Pi2.5 Pi97.5 

1 0.56 0.48 0.01 1.00 14 0.09 0.00 0.00 0.41 
2 0.69 0.65 0.05 1.00 15 0.02 0.00 0.00 0.14 
3 0.52 0.47 0.07 1.00 16 0.03 0.00 0.00 0.15 
4 0.08 0.00 0.00 0.34 17 0.14 0.00 0.00 0.48 
5 0.10 0.00 0.00 0.43 18 0.07 0.00 0.00 0.26 
6 0.65 0.52 0.00 1.00 19 0.92 0.82 0.00 1.00 
7 0.12 0.00 0.00 0.46 20 0.05 0.00 0.00 0.19 
8 0.07 0.00 0.00 0.31 21 0.43 0.34 0.02 1.00 
9 0.13 0.02 0.00 0.52 22 0.33 0.20 0.01 1.00 
10 0.06 0.00 0.00 0.27 23 0.41 0.36 0.00 1.00 
11 0.25 0.11 0.00 0.93 24 0.37 0.25 0.02 0.96 
12 0.04 0.00 0.00 0.17 25 0.30 0.20 0.00 1.00 
13 0.25 0.17 0.00 1.00 26 0.47 0.37 0.00 0.53 

Source: Own elaboration. 

The analysis of Table 4 provides consistent results, in trend and mean value, 
with those obtained by previous studies of efficiency in the Spanish banking 
system. The average cost efficiency estimate in the period was 0.72, that is, an 
average entity representative of the Spanish banking sector registered costs 28% 
higher than the potential minimum costs of the efficient bank with the same 
conditions. The study carried out by Maudos and Pastor (2003) about cost effi-
ciency in Spanish banking obtained a result of 0.91 in the period 1985-1996, 
whereas Maudos and Fernández de Guevara (2007) presented an average of 
0.88 for Spanish banking and of 0.86 for UE-15 banking in the period 1993-
2000.  More recently, Casu and Girardone (2009) confirmed a decreasing trend 
in Spanish banking during the period 2000-2005, with an average cost effi-
ciency of 0.75.  

The theoretical distribution of u�, when u is assumed to be? half normal, can 
be obtained by substituting the significant estimates  σ�2 = 0.449 and   λ� =1.750 
in Equation 6. Figure 1 shows the shape of this distribution. 
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Figure 1  
Density and distribution functions of average û  in the Banking System,  

period 2002-2007      

       
Source: Own elaboration. 

The application of the Kolmogorov Smirnov test to contrast the goodness of 
fit of estimated inefficiency (Table 4) to the theoretical distribution of 𝑢�  
assuming 𝑢 half normal, represented in Figure 1, returns a value of the statistic 
of 0.125. Therefore, the hypothesis of data from the assumed theoretical distri-
bution is not rejected and, consequently, the initial assumption of half normal 
distribution of 𝑢 is accepted with a p-value 0.410.  

With regard to the second objective, Figure 2 represents the distribution of 
cost inefficiency estimate of the Spanish banking system in the first and last 
years of the period 2002-2007  to ascertain whether the behaviour previous to 
the financial crisis provides any indication of the coming crisis. 

Figure 2 
Density and distribution functions of average û  in the Banking System, 2002 and 2007 

 
Notes: 2002 with lines and 2007 with dots. 
Source: Own elaboration. 

In Figure 2 left, density in 2002 shows a smaller dispersion than in 2007, 
with it being more probable to reach small values of inefficiency in the first year 
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of the period. In fact, distribution functions in 2002 and 2007, represented in 
Figure 2 right, reach the value 0.80 for the inefficiency value of 0.20 and 0.40, 
respectively. That is to say, cost inefficiency in 2007 achieves values up to 0.40 
with a probability of 80% while in 2002, with the same probability, the value of 
cost inefficiency of 0.20 is not exceeded. This change in the shape of the distri-
bution and in the behavior of cost inefficiency coincides with the beginning of 
the financial instability in the Spanish banking sector. 

5.  CONCLUSIONS 
The assumption of the half normal distribution on the inefficiency term in a 

stochastic frontier model applied to the Spanish banking system is accepted as 
an appropriate assumption through the test of goodness of fit between the theo-
retical density of cost inefficiency estimate and the distribution of the estimated 
cost inefficiency of the units selected for the sample.   

As regards the inefficiency estimate, the average entity representative of the 
Spanish banking system in the period 2002-2007 presented costs 28% higher 
than the potential minimum costs of an efficient entity with the same conditions. 
This result is consistent with point estimates published in previous studies on 
efficiency in the Spanish banking sector.  

The most important conclusion of the study is obtained from density and 
distribution functions of cost inefficiency estimate, that provide more details in 
the estimate. The density of the cost inefficiency estimate in 2007 shows a sig-
nificantly larger dispersion than the corresponding density in 2002, and hence 
the probability of obtaining higher levels of inefficiency grew from 2002 to 
2007, when the financial crisis in Spanish banking sector began. An important 
management and political implication can be derived from these results because 
it is demonstrated that the analysis of the behavior of the distribution of cost 
inefficiency estimate in Spanish banking system is an indicator to take into ac-
count in unstable financial situations.  
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