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ABSTRACT

Bootstrap procedures are commonly used to evaluate the stability of principal axes methods. In our research, attention
is focussed on the particular case of Correspondence Analysis (CA). As in classical CA the metrics are induced by
table margins and thus would vary over the replicated tables, we suggest here a specific Bootstrap procedure in which
a generalised CA is performed on the replicated tables imposing as metrics those issued from the original table. The
contribution of our paper is to provide a numerical procedure to quantify the stability of principal axes which is
suitable for this context. We give a bounded measure of the stability of axes. Furthermore, as any fixed threshold
handled to label an axis as stable or unstable would be arbitrary, our procedure is based on the comparison of real and
randomly permuted data to determine stability thresholds. Computational results obtained on several data sets are
offered.
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Un procedimiento Bootstrap en el contexto del Analisis de
Correspondencias: Aproximacion numérica para medir la
estabilidad de los ejes

RESUMEN

Los procedimientos Bootstrap se utilizan habitualmente para evaluar la estabilidad de los métodos basados en ejes
principales. En nuestra investigacion, la atencion se centra en el caso particular del Analisis de Correspondencias.
Dado que en el Anélisis de Correspondencias clasico las métricas estan determinadas por las frecuencias marginales
de las tablas y, por tanto, variarian a través de las tablas replicadas, sugerimos aqui un procedimiento Bootstrap espe-
cifico en el que se lleva a cabo un Analisis de Correspondencias generalizado de las tablas replicadas imponiendo
como métricas las procedentes de la tabla original. La contribucion de nuestro trabajo es proporcionar un procedi-
miento numérico para cuantificar la estabilidad de los ejes principales que es adecuado para este contexto. Propone-
mos una medida acotada de la estabilidad de los ejes. Ademas, teniendo en cuenta que cualquier umbral fijo consi-
derado para etiquetar un eje como estable o inestable seria arbitrario, nuestro procedimiento se basa en la compara-
cion de datos reales y datos permutados aleatoriamente para determinar umbrales de estabilidad. Se presentan los
resultados computacionales obtenidos en varios conjuntos de datos.
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1. INTRODUCTION

Bootstrap procedures (Efron 1979; Efron and Tibshirani 1993) are common-
ly used to assess the stability of principal axes methods. Two strategies appear
in literature. The strategy called Partial Bootstrap (PB) (Lebart 2006) projects
Bootstrap rows and columns as supplementary elements onto the axes issued
from the analysis of the original dataset. This just allows for assessing the stabi-
lity of every row or column (Beran and Srivastava 1985; Gifi 1981; Greenacre
1984; Chateau and Lebart 1996; Alvarez et al. 2010). Alternatively, the so-
called Total Bootstrap (TB) consists in performing the analysis on every
replicated table. Row and column coordinates, eigenvalues and eigenvectors are
computed for every bootstrap replication. Thus, the stability of the principal
axes or the subspaces can be tackled (Diaconis and Efron 1983; Stauffer ez al.
1985; Daudin et al. 1988; Lambert et al. 1990; Jackson 1993 and Peres-Neto et
al. 2005).

In order to provide a right measure of stability by means of TB, the compari-
son of original and replicated axes becomes crucial. As Milan and Whittaker
(1995) pointed out, a direct comparison can be misleading and an appropriate
one requires eliminating the specific problems which arise from the conditions
associated to the algorithm of eigen-decomposition used in principal axes me-
thods. The constriction of orthogonality imposed to the eigenvectors as well as
their ordination depending on the associated eigenvalues lead to over dispersion
(and bias) of the bootstrap distributions of the statistics. In Milan & Whittaker’s
proposal, these problems are dealt with Procrustes-like rotations (Gower 1971;
Gower 1975; Markus 1994), so the vectors of coordinates are computed for
every replicated table and rotated to adjust, as far as possible, the initial confi-
guration. The distributions of the rotated statistics are used to assess the stability
of the row points (and/or column points) and the eigenvalues. This process
avoids a too pessimistic evaluation of the stability of the principal axes, due to
possible reflections, ordination and/or rotations of the axes (especially when the
eigenvalues are only slightly different).

Following the same line of research, Linting et al. (2007) go more deeply
into the study of the stability of nonlinear Principal Components Analysis
(PCA) from a graphical perspective. They thoroughly examine the stability of
several nonlinear PCA results, providing confidence intervals for the quantified
variables and confidence ellipses for the eigenvalues, the component loadings
and the person scores. Their study is focussed on the graphical representation of
the bootstrap results for a two-dimensional solution. The confidence ellipses are
constructed from a certain percentage of the bootstrap points closest to the
centroid of the bootstrap cloud while retaining the orientation of the cloud in
two dimensions. Hence, conclusions regarding the degree of stability of diffe-
rent results are based on the relative sizes of their respective ellipses.

Estudios de Economia Aplicada, 2012: 1-28 * Vol. 30-1



A BOOTSTRAP PROCEDURE IN THE CONTEXT OF CORRESPONDENCE ANALYSIS:. .. 3

Within a similar strategy that combines a Total Bootstrap with Procrustes
rotations, we propose here to extend this approach to the particular case of
Correspondence Analysis (CA). However, our attention is focussed on the use
of TB with the purpose of measuring the stability of CA principal axes and the-
refore a numerical approach is developed.

CA is a particular case of principal axes methods (Benzécri ef al. 1973; Le-
bart et al. 1984; Greenacre, 1984 and Escofier, 2003). The best validation
criterion in CA consists in verifying the stability of the pattern as well (Lebart et
al. 2000). Lebart (1976) and O’Neill (1978) have analysed the asymptotic
eigenvalue distribution. Escofier and Le Roux (1972) and Bénasséni (1993)
consider perturbational aspects in correspondence analysis. Delta method has
been developed by Gifi (1981). Pearson test statistic can be used to determine
the eigenvalues significantly different from zero (Gilula and Haberman, 1986).
However, this test can be only applied on contingency tables issued from a sim-
ple random sample. Whenever this or other requirements are not fulfilled, other
approaches like bootstrap resampling have to be adopted.

Concerning bootstrap techniques and CA, some authors have resorted to PB
just to build confidence regions for row and column categories (Ringrose 1992;
Greenacre 1984; Lebart ef al. 2000; Lebart 2004a and Lebart 2004b). Other
studies have applied TB to determine meaningful eigenvalues (Reiczigel 1996)
or contributions of row and column categories (Tan ef al. 2004).

In this paper, we suggest a numerical procedure to quantify the stability of
principal axes in this context, i.e., taking into account both the specific features
of CA and the above-mentioned problems concerning the combination of
Bootstrap with principal axes methods.

As in CA the metrics are induced by table margins and thus vary through the
replicated tables, a generalised CA is performed on the resampled tables impo-
sing as metrics those issued from the original table. By means of this particular
TB, including also Procrustes corrections, we provide a bounded measure of the
stability of every principal axis. Furthermore, in order to assess the computed
stability measures, we propose to avoid arbitrary thresholds by means of com-
parisons with hazard.

Section 2 recalls the principles of CA with imposed metrics (Escofier 1984,
1987, 2003; Escofier and Pagés 1983) used to analyze the bootstrapped
samples. Section 3 sets out in detail the methodology proposed to quantify the
stability of principal axes, supported by a small example. Finally, in Section 4,
we offer and discuss the results obtained on several data sets.
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2. CORRESPONDENCE ANALYSIS AND GENERALISED
CORRESPONDENCE ANALYSIS

2.1. General framework for principal axes methods

The different principal axes methods can be presented as particular variants
of Principal Component Analysis (PCA) (Tenenhaus and Young 1985) using a
data matrix X and two diagonal metric matrices, D, the row weighting matrix
(and metric in the column space), and D, the column weighting matrix (metric
in the row space).

PCA(X, D, D.) consists in identifying the principal axes of row and column
clouds and computing the coordinates matrices F and G of, respectively, rows
and columns coordinates on these axes. X'D,XD, is diagonalised and thus the
column eigenvectors matrix U (orthonormal) and the diagonal eigenvalue
matrix A are computed. Let V be the row eigenvector matrix, V=A""?F. The
matrices of coordinates F and G are computed in the following way:

F=XDU G=UA" (1)
We use F; to denote the s-column of F, v, the s-column of V, G, the s-

column of G, u, the s-column of U and A, the s-diagonal term of A. We have v, =
standardized F., u, = standardized G,, where Var(F;)= Var(G,)= A,

2.2.Classical CA

Classical CA applied to proportion table P with general term p;; is equivalent
to PCA (X, D,, D) where X has for general term:

x; =(p; —p.p)/(Pip;) (2)
D, is a diagonal matrix with general term p; {i = 1,..., I} and D, is a
diagonal matrix with general term p; {j= 1, ..., J}(Escofier and Pages 1998).
2.3. CA with imposed metrics

Escofier (2003) has proposed to perform CA with imposed metrics, Q; and
Q; other than those issued from the margins. The output of this generalised CA
is obtained by performing a PCA on table X with general term

I J
Xy = (pij _pi.p,j)/(qz‘.qj) Zi=1qi =1 Zj:lqj =1 (3)

in metrics Q; and Q;. CA with imposed metrics preserves the duality property
between rows and columns. Transition formulae allow crossing from F coor-
dinates to G coordinates replacing D, by Qy and D, by Qy into the general
framework transition formulae (section 2.1).
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3. METHODOLOGY
3.1. Outline of the methodology through a small example

We suppose the observation of two categorical variables on a random sample
composed of 97 individuals which leads to the original data set. The first
bootstrap resample is obtained by the well-known Non-parametric Bootstrap
which replicates the original extraction method for the sample. This gives rise to
a data set with the same grand total (97 individuals) but different marginal
frequencies (Table 1). Figure 1 illustrates the processing.

Table 1
Outline of the methodology through a small example: original and bootstrap data sets
Original data set Bootstrap data set
Cc1 Cc2 C3 Marginal Cc1 Cc2 Cc3 Marginal
R1 6 2 12 20 R1 4 1 10 15
R2 5 1 4 10 R2 8 1 2 11
R3 14 7 16 37 R3 13 3 19 35
R4 10 8 12 30 R3 10 9 17 36
Marginal 35 18 44 97 Marginal 35 14 48 97

Source: Own elaboration.

A classical CA is conducted on the original data set. A CA with imposed
metrics has been carried out on the bootstrap resample (see 3.2 for details). The
imposed metrics are those issued from the original data set. The coordinates of
the rows and the columns of both the original and the bootstrap data sets are
represented in the same Euclidean space (Figs. la, 1b and 1c¢). However, the
direct comparison among either original coordinates or principal axes (Fig. 1c)
and their respective bootstrap (Fig. 1d) needs a previous adjustment in order to
remove the apparent differences. This adjustment, performed by means of
orthogonal Procrustes rotations, will be crucial in the study of stability sugges-
ted in this paper. Figure le depicts the new bootstrap coordinates of rotated
points which can be compared jointly with the original joined configuration
(Fig. 1c) or overlapping the original rows (Fig. 1f) or columns (Fig. 1g).

Angles between original vectors of coordinates and their respective bootstrap
are computed (see 3.2 for details), but these measurements include the apparent
differences. Once Procrustes rotations are applied, angles between original and
bootstrap principal axes give a more suitable measure of the stability of princi-
pal axes.
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Figure 1
Outline of the methodology through a small example
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Source: Own elaboration.
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If this bootstrap procedure is carried out repeatedly enough, these angles
may be an appropriate index of principal axes stability (solid lines in Figure 1h).
However, interpreting the magnitude of these angles in terms of stability is
somehow complex as any threshold could be arbitrary. Accordingly, the angles
computed from real data have been compared with those calculated from
randomly permuted data (broken lines in Figure 1h).

3.2. Stability of CA axes through Total Bootstrap

In this section, we indicate the rationale of the processing that is used to
quantify the stability of CA principal axes and eventually to select the stable
subspace either for representing the data or for further analyses such as cluste-
ring.

3.2.1. CA applied to the original table

Classical CA results F, G, U and V are computed performing classical CA
on the original proportion matrix.

3.2.2. CA applied to the replicated table

B Bootstrap samples are extracted replicating the original sampling method
by the well-known Non-parametric Bootstrap. As above-mentioned, the boots-
trapped tables have the same grand total as the original table but, in general,
different marginal frequencies.

Generalised CA are conducted on these B resamples, imposing as metrics
those of the original table, i.e. Q=D, and Q,=D., the diagonal matrices with the
row and column marginal proportions of the original data set. So the output of
this generalised CA is obtained by performing a PCA on each table X" with
general term

x;=(py=p/p))[(p.P))
thereby obtaining F*, G”, U and V".

Thus, the rows (respectively, the columns) of both the initial and the replica-
ted tables are located in the same metric space.

3.2.3. Rotation of the replicated set of points

We have to compare the configuration of points C” issued from the gene-
ralised CA applied to the replicated table and the original configuration C
issued from CA applied to the original table. Both configurations of points have
I+J rows and K columns, where K is the number of principal axes in CA,
K=min(/,J)-1. In our case all configurations are centred.
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Let D be the weighted vector (D, and D, diagonals). The square distance S
between both configurations is computed as:

§* = ZZIJZZ, D,(Cy - C}[;k ? 4)

This total distance can be split into row distance and column distance. Diffe-
rences between original and bootstrap coordinates can be explained by apparent
and real variability. In CA, apparent variability derives from the application of
bootstrap to a method that incorporates an eigenvalue/eigenvector decompose-
tion. On the contrary, the real variability is merely due to resampling fluctua-
tions.

Procrustes rotation is used to remove the apparent variability looking for
minimizing S°. This rotation maintains the internal relationships among the
points. A generalised orthogonal rotation (Krzanowski 1999; Ten Berge and
Bekker 1993; Ten Berge 2006) can be applied either to only one set of points
(row or column set) or to both sets but considered as a whole (Milan and Whi-
takker 1995). In the case of CA, where rows and columns play a symmetric
role, the second option seems more suitable. Generalised orthogonal rotation
includes reflections (180° rotation) and exchanges (90° rotation) as particular
cases (Gower and Dijksterhuis 2004).

The rotation matrix R” (Table 2) is computed as R” = UV', where UZV" is
the singular value decomposition of the product matrix C"DC. Thus: F*'= F"
Rbl" Gbl'= Gb Rbl", Vbl'= Vb Rbl" and Ubl'= Ub Rbl"‘

Table 2
Outline of the methodology through a small example:
Rotation matrix between bootstrap and rotated configuration without and with dilation

Rotation matrix without dilation Rotation matrix with dilation
0.0691 0.9976 0.0341 0.4924
-0.9976 0.0691 0.4924 0.0341

Source: Own elaboration.

3.2.4. Dilation

A uniform dilation, that is, a stretching or shrinking of all the points by a
constant (homothethy) can be also performed after the rotation step (Table 2).
Correlations between principal coordinates are not changed by dilations. Howe-
ver, the sum of the weighted square distances between original and bootstrap
coordinates (S°) diminishes.
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3.2.5. Assessing stability of the axes

A series of indicators can be used for measuring the global similarity
between original and replicated configurations (Schénemann and Carrol 1970;
Abdi 2007; Holmes, 2008). In our study, the similarity between original and
replicated coordinates vectors with the same rank is measured by Pearson's
correlation Corr of principal coordinates Fy and F or, equivalently, between v,
and v',. The correlation is usually expressed through the corresponding angle:

Corr(F,, ') = v,D)V, = cos(6) (5)

Thus, for every dimension, we have the bootstrap distribution of the angle
between the original and the rotated replicated principal axes with the same rank
(Fig. 2 summarises the processing). We have computed the mean, the median,
the 5" percentile (Ps) and the 95" percentile (Pys) of these distributions.

For our original table, 1000 bootstrap simulations have been carried out. The
mean of the angles between original and bootstrap principal axes are not near 0°
(solid lines in Figure 1h). Following this criterion, every principal axis is
assessed as Stable (S) if it shows a high degree of stability before (bP) and after
(aP) Procrustes rotation, Apparently unstable but actually stable (AU-S) when it
presents a high degree of instability bP but not aP rotation (apparent variability),
and Unstable (U) if the principal axis behaves as unstable both bP and aP.

Figure 2
Measure of stability of principal axes by means of Bootstrap and Procrustes
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3.3. Comparison with hazard to determine a threshold for the angles

Interpreting the magnitude of these angles in terms of stability is somehow
complex as any threshold could be arbitrary, depending on the data set analysed.
Random matrices X;” ™™ are also generated permuting X initial table cells in
each i bootstrap sample (Fig. 1h). The distributions of the rotated statistics can
be compared with these hazard distributions.

Angles computed for the data sets analysed are compared with those obtai-
ned from the random bootstrap. Being (P5“”, Pos““) the 90% CI of angles
computed with real data by our suggested bootstrap procedure and (Ps“",
Pys "), the 90% CI of angles computed with randomly permuted data by this
procedure, a principal axis is labelled unstable if (Ps““, Pys“") overlaps with
(ijndJ ngrand) (Flg lh)

4. RESULTS ON SEVERAL SAMPLES
4.1.Data sets and results

In order to check the performance of the proposed methodology, a series of
data sets has been studied We have selected four frequency tables with diffe-
rent characteristics regarding the number of categories, the magnitude of cell
frequencies, the presence of very low cell frequencies, the existence of empty
cells and the grand total of the table (see Appendix A).

Tables 3 to 6 show the outcome obtained on the data sets analyzed. These
tables display just angles computed from real data. The figures in bold indicate
that instability holds according to the hazard criterion (comparison with ran-
domly permuted data) included in the bootstrap procedure proposed.

In order to check this criterion for setting thresholds of instability, Tables 3b
to 6b exhibit the results of real and randomly permuted data, both computed by
means of bootstrap after Procrustes rotation. Figures in italics point out the 90%
confidence intervals that are overlapped, i.e. the cases where (P5“, Pys™")
overlaps with (P5“", P,s™?%), that revealing instability of the corresponding
axes.

Regarding the issue of the imposed metrics, as noted above, we emphasize
that the reason why these metrics are included in the procedure is to enable the
rows (respectively, the columns) of both the initial and the replicated tables be
located in the same Euclidian space. Actually, the resampled data sets simply
have the same distribution as the original one, without imposing any restrictions
on the marginal frequencies.

For ease of comparison between the proposed procedure with imposed
metrics and the equivalent standard procedure (without imposed metrics), we
have included all the computing for bootstrap after Procrustes rotation in
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Appendix B. The calculations have been made from the same resampled tables
in both cases. As one can see, the results on the stability of axes are similar in
the data sets considered, i.e., both procedures point out the same unstable axes.
So the imposed metrics does not lead to lower dispersion or any bias on results
of the proposed procedure, but instead to just a more appropriate calculation of
the similarity between every original and bootstrapped axis.

Finally, Pearson test statistic has been conducted in every data set, even if
the data are not drawn from a simple random sample. Appendix C provides the
results of this eigenvalue significance test as well as the eigenvalues and their
corresponding percentages of total inertia of the raw data sets examined.

4.1.1. Data set 1. Fisher (1940)

Fisher (1940) analyses 5,387 schoolchildren from Scotland classified accor-
ding to hair colour and eye colour, leading to a 5 x 4 contingency table with two
low cell frequencies but no empty cells (Table 7 Appendix A). This is a
Maung's compilation of Tocher's data (1908) with special district grouping of
502,155 children.

Table 3 shows that there are not stable axes before Procrustes rotation. Rota-
tion allows for seeing that the variability of the first and second principal axis is
mostly apparent. The third principal axis is really unstable, specifically in the
case of the row set. This example shows that small mean angles (17.5° and 4.5°)
are not enough to ensure stability. Pearson test statistic, a=5%, points out the
first two eigenvalues different to zero.

Table 3

Stability performance of principal axes of data set 1
(Fisher, 1940)

Principal Before Procrustes After Procrustes Stability

Axes Mean Median Ps Pgs Mean Median Ps Pgs S AUS U
Vi 20.4 34 14 176.6 3.1 2.9 1.2 55 X
V2 87.7 12.4 2.7 177.4 55 5.1 1.9 10.1 X
V3 70.2 21.5 3.6 175.0 17.5 11.6 2.9 53.8 X
Uy 19.7 2.6 0.7 177.4 2.2 2.1 0.6 45 X
Uy 87.4 10.5 1.4 178.6 4.1 3.6 0.9 8.6 X
Uz 68.0 6.3 1.1 178.6 45 3.4 0.9 11.4 X

Figures in bold point out that instability holds according to the criterion suggested.

Source: Own elaboration.
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Table 3b

Comparison between real and randomly permuted data. Bootstrap aP. Data set 1
(Fisher, 1940)

Principal Randomly permuted data Real data
Axes Mean Median Ps Pgs Mean Median Ps Pgs
V4 75,5 72,9 40,2 114,7 3.1 29 1.2 55
Vo 78,7 79,7 39,8 108,7 55 5.1 1.9 10.1
%) 84,4 83,3 29,4 148,9 17.5 11.6 29 53.8
uy 45,6 44,4 12,3 84,4 22 2.1 0.6 4.5
up 43,3 41,8 10,6 80,6 4.1 3.6 0.9 8.6
us 31,7 28,9 9,0 60,9 45 34 0.9 11.4

Figures in bold italics point out real and random 90% CI which are overlapped.

Source: Own elaboration.

4.1.2.Data set 2. Escofier y Pages (1992)

It is a cross-tabulation of 271,096 French female school leavers who abando-
ned the educational system in 1973 and found a job with nine different types of
job (rows) and eight educational levels (columns) (Table 8 Appendix A). Cells
frequencies are very high (three figure numbers) but there are several empty
cells resulting from the actual incompatibility between some jobs and some
educational levels (e.g. engineers and no schooling at all), that is, from the
existence of structural zeros. This gives rise to well-defined row and column
categories and thus, to distances between profiles markedly determined by the
presence or absence of categories for both rows and columns.

Table 4 with the results of the applied methodology indicates that the insta-
bility of the structure of the data set 2 is revealed apparent after Procrustes (very
low angles). In this data set, axes 4 to 7 have very small eigenvalues and ac-
count each one for less than 1% of the total inertia (see Appendix C) but they
should be considered meaningful dimensions. Pearson test statistic, a=5%,
shows all the eigenvalues different to zero.

4.1.3.Data set 3. Abascal y Grande (2005)

A table with the frequencies of association between thirteen brands of milk
and eleven milk attributes, according to the responses of a small sample of
consumers but 4,533 evaluations (Table 9 Appendix A). This is a convenience
sampling when cases or individuals are the evaluations. Some cell frequencies
are low but no empty cells exist.
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Table 4

Stability performance of principal axes of data set 2
(Escofier y Pagés, 1992)

Principal Before Procrustes After Procrustes Stability
Axes Mean Median Ps Pgs Mean Median Ps Pss S AUS U

Vs 21.7 0.8 0.3 179.3 0.5 0.5 0.3 0.9 X

Vo 7.9 1.2 0.6 2.3 0.7 0.7 0.3 1.3 X

V3 1.0 0.9 0.5 1.6 0.7 0.7 04 1.2

Va 35.3 3.4 1.4 177.7 2.1 2.0 0.9 3.4 X

Vs 70.0 11.1 2.7 175.8 2.7 2.6 1.3 4.1 X

Ve 86.5 17.9 3.9 175.8 3.3 3.2 14 5.7 X

vz 98.0 172.3 2.7 177.4 3.3 3.3 1.6 53 X

U 21.7 0.8 0.3 179.3 0.5 04 0.2 0.7 X

up 7.8 1.1 0.5 2.2 0.6 0.6 0.3 1.1 X

us 0.9 0.9 0.4 1.5 0.6 0.6 0.3 1.0 X

Uy 35.6 3.9 1.5 177.4 24 2.2 0.9 4.4 X

Us 69.9 10.9 2.8 175.8 2.2 2.1 0.9 3.7 X

Us 86.5 18.9 3.6 176.1 2.6 2.5 1.1 4.3 X

ur 98.1 172.6 25 177.8 22 2.0 0.8 4.2 X

Figures in bold point out that instability holds according to the criterion suggested.

Source: Own elaboration.

Table 4b

Comparison between real and randomly permuted data, Bootstrap aP. data set 2
(Escofier y Pagés, 1992)

Principal Randomly permuted data Real data
Axes Mean Median Ps Pgs Mean  Median Ps Pgs
Iz 74,0 74,5 49,7 97,3 0.5 0.5 0.3 0.9
Va 73,9 74,6 47,8 98,3 0.7 0.7 0.3 1.3
Vs 80,9 82,5 61,2 94,3 0.7 0.7 0.4 1.2
V4 59,3 57,5 30,5 94,7 2.1 2.0 0.9 34
Vs 61,9 59,6 33,6 99,1 2.7 2.6 1.3 4.1
Ve 65,6 61,9 39,2 104,9 3.3 3.2 1.4 5.7
vz 68,3 67,6 34,8 104,9 3.3 3.3 1.6 5.3
Uy 62,6 63,0 38,8 85,7 0.5 0.4 0.2 0.7
[ 57,8 57,2 31,1 86,0 0.6 0.6 0.3 1.1
us 60,8 62,0 39,3 78,6 0.6 0.6 0.3 1.0
Uy 60,2 56,1 33,9 99,7 24 22 0.9 4.4
us 56,5 53,0 27,0 95,6 2.2 21 0.9 3.7
Us 56,7 54,8 29,5 88,1 2.6 25 1.1 43
us 55,0 54,7 28,2 85,4 22 2.0 0.8 4.2

Figures in bold italics point out real and random 90% CI which are overlapped.

Source: Own elaboration.
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Table 5 shows that according to a direct analysis, all the principal axes
should be considered rather unstable. However, the rotation points out stability
in the first principal axis and some instability in the second one whereas the rest
has a striking and increasing instability. In fact, the similarity of cell frequencies
results in a weak structure of associations between row and column categories.
Therefore, just associations between brands of milk and milk attributes unveiled
by the first factorial plan should be considered valid although with some caution
regarding the second axis using the 90% CI. Only the first axis is stable using
P, Py sand Pearson test statistic, 0=5%.

Table 5

Stability performance of principal axes of data set 3
(Abascal y Grande, 2005)

Principal Before Procrustes After Procrustes Stability

Axes Mean Median Ps Pgs Mean Median Ps Pgs S AU-S U
V4 101.3 161.9 10.7 170.1 13.2 13.0 8.5 18.3 X
12 90.9 97.5 27.3 152.2 28.6 28.0 18.0 40.8 X
V3 89.7 89.7 53.2 128.7 41.0 40.1 26.7 58.9 X
V4 88.1 88.3 52.1 122.2 43.5 42.2 26.1 63.6 X
Vs 90.3 90.0 58.3 121.5 46.9 45.9 27.8 67.8 X
7 89.4 89.3 58.5 1211 48.8 47.8 29.8 711 X
vy 89.8 89.7 59.7 119.9 54.5 52.5 314 84.8 X
Vg 89.0 89.4 57.0 119.6 57.8 56.3 327 87.2 X
Vg 90.4 90.3 56.9 121.8 64.9 64.1 34.6 100.0 X
Vio 89.8 90.0 57.5 122.1 75.0 725 39.5 115.7 X
Uy 101.1 162.9 9.4 170.5 12.0 11.8 7.7 171 X
up 91.0 98.8 247 155.5 255 25.3 14.8 36.9 X
us 89.8 89.6 48.3 130.3 34.0 33.4 19.3 49.8 X
Uy 89.4 89.7 52.8 126.7 35.9 35.1 21.0 53.8 X
Us 90.4 89.9 53.8 127.0 36.7 35.8 20.6 55.2 X
Us 89.6 89.3 54.3 125.1 37.7 36.9 21.8 58.0 X
uz 90.0 89.3 53.5 125.3 39.8 38.7 20.4 60.8 X
Ug 88.8 88.4 52.2 125.5 38.5 37.9 19.8 60.5 X
Ug 90.1 90.4 51.2 127.0 375 36.3 19.7 59.9 X
U1o 89.9 90.9 47.5 128.4 36.6 35.4 20.2 56.2 X

Figures in bold point out that instability holds according to the criterion suggested.

Source: Own elaboration.
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Table 5b

Comparison between real and randomly permuted data, Bootstrap aP. Data set 3
(Abascal y Grande, 2005)

Principal Randomly permuted data Real data
Axes Mean Median Ps Pgs Mean Median Ps Pys
V4 66,0 65,7 45,5 87,1 13.2 13.0 8.5 18.3
Vo 64,8 64,3 43,4 87,3 28.6 28.0 18.0 40.8
V3 60,5 60,2 38,1 86,2 41.0 40.1 26.7 58.9
V4 67,4 66,8 44,1 90,8 43.5 42.2 26.1 63.6
Vs 68,2 68,0 45,5 90,5 46.9 45.9 27.8 67.8
Ve 71,2 71,3 49,6 93,0 48.8 47.8 29.8 71.1
% 70,5 70,2 48,3 95,7 54.5 52.5 31.4 84.8
Vg 68,4 67,2 45,7 94,7 57.8 56.3 32.7 87.2
Vo 66,9 65,3 40,6 98,3 64.9 64.1 34.6 100.0
Vio 74,1 72,4 46,5 108,6 75.0 725 39.5 115.7
uy 51,4 50,6 32,8 72,8 12.0 11.8 7.7 171
up 51,9 51,4 324 73,5 255 253 14.8 36.9
us 54,3 54,2 33,6 76,3 34.0 334 19.3 49.8
Uy 49,6 49,1 31,4 70,8 35.9 35.1 21.0 53.8
Us 49,1 48,9 29,5 71,3 36.7 35.8 20.6 55.2
Us 46,9 46,1 29,4 66,4 37.7 36.9 21.8 58.0
uz 48,1 46,9 30,1 69,5 39.8 38.7 20.4 60.8
usg 50,2 49,7 30,5 72,3 38.5 37.9 19.8 60.5
Ug 51,9 52,1 32,2 72,7 37.5 36.3 19.7 59.9
Uqo 51,1 50,6 34,0 69,9 36.6 354 20.2 56.2

Figures in bold italics point out real and random 90% CI which are overlapped.

Source: Own elaboration.

4.1.4. Data set 4. Valencia (2006)

It is a contingency table from the national survey on Labour Force in Spain
(EPA) for the second quarter of 1999. The 68,959 frequencies represent wor-
king population on 18 Spanish regions (rows) and 16 economic sectors (co-
lumns) (Table 10 Appendix A). High cell frequencies together with low cell
frequencies exist and also a small number of empty cells.

Table 6 shows that the principal axes seem to be highly unstable. Having
applied the adjustment proposed, just the last four axes should be labelled as
unstable, so variability initially observed in axes 1 to 11 is to some extent appa-
rent. Anyway, the degree of stability is considerably lower in axes 9 to 11, with
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potential angles around 30° (Pys) or even higher in the eleventh axis. The first
10 axes are stable using a 95% confidence interval and Pearson test statistic,
0a=5%.

Table 6

Stability performance of principal axes of data set 4
(Valencia, 2006)

Principal Before Procrustes After Procrustes Stability
Axes Mean Median Ps Pgs Mean Median Ps Pgs S AU-S U
vy 85.4 13.0 45 175.4 4.3 4.3 3.1 5.7 X
12 86.3 14.0 5.7 1741 5.1 5.0 3.6 6.5 X
V3 79.5 40.9 9.5 169.7 6.8 6.7 4.6 9.3 X
Vs 94.6 131.6 11.1 169.8 7.4 7.3 5.3 9.9 X
Vs 97.0 121.9 13.3 168.2 9.8 9.7 6.3 14.1 X
Ve 89.8 85.1 14.6 165.9 10.9 10.8 7.7 14.6 X
1% 91.9 128.2 16.6 162.6 14.2 14.1 9.7 19.7 X
Vg 95.4 115.7 215 158.5 16.7 16.4 10.9 23.4 X
Vg 94.5 108.8 247 154.7 18.9 18.5 12.3 26.6 X
Vio 91.2 92.3 32.1 149.1 235 23.2 14.3 34.7 X
Vi1 89.4 88.7 37.2 142.5 27.7 271 16.9 40.5 X
Viz 92.0 92.9 39.2 140.5 31.6 30.7 18.8 47.8 X
Vi3 89.1 89.4 42.8 134.9 41.4 394 21.6 70.7 X
Vi4 90.5 90.4 47.5 133.9 46.9 44.6 24.5 78.1 X
Vis 91.1 90.1 47.8 133.6 69.8 67.4 28.5 123.2 X
uy 85.4 13.2 43 175.6 4.1 4.1 29 5.6 X
up 86.3 14.2 5.6 174.5 4.9 4.9 34 6.7 X
us 79.5 41.1 9.6 169.6 6.9 6.8 4.7 9.3 X
Uy 94.6 131.3 11.3 170.0 7.3 7.3 4.9 10.1 X
Us 97.1 120.5 13.0 168.4 9.1 8.9 6.0 12.7 X
Us 89.7 84.2 13.8 166.3 10.2 10.0 6.8 14.1 X
uz 92.0 129.0 15.9 163.8 12.8 12.6 8.2 17.7 X
ug 95.3 1151 21.0 159.2 14.5 14.2 9.2 20.4 X
Ug 94.6 109.9 23.0 155.9 16.7 16.3 10.3 24.4 X
U1o 90.9 94.5 31.2 150.0 20.8 20.2 12.9 30.6 X
U1s 89.3 89.4 35.1 146.0 215 21.0 11.8 33.5 X
Ur2 92.1 92,5 36.1 143.5 24.3 23.6 12.7 38.9 X
Urs 89.3 90.2 36.1 142.3 29.0 27.0 13.8 48.9 X
U4 90.4 91.0 36.2 143.4 29.4 271.7 13.8 54.8 X
Uss 89.7 91.0 30.7 149.3 22.1 20.7 10.4 39.1 X

Figures in bold point out that instability holds according to the criterion suggested.

Source: Own elaboration.
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Table 6b

Comparison between real and randomly permuted data, Bootstrap aP. Data set 4
(Valencia, 2006)

Principal Randomly permuted data Real data
Axes Mean Median Ps Pgs Mean Median Ps Pys
vy 67,6 67,8 53,8 80,2 4.3 4.3 3.1 5.7
Vo 64,8 65,3 49,1 79,4 5.1 5.0 3.6 6.5
V3 74,4 74,5 56,0 91,8 6.8 6.7 4.6 9.3
V4 67,0 66,6 49,9 84,4 7.4 7.3 5.3 9.9
Vs 73,7 74,4 49,5 94,3 9.8 9.7 6.3 14.1
Ve 54,3 53,3 39,1 73,1 10.9 10.8 7.7 14.6
1% 59,4 59,2 44,6 75,4 14.2 14.1 9.7 19.7
Vg 62,6 62,0 46,6 79,9 16.7 16.4 10.9 23.4
Vo 61,8 61,5 44,2 79,2 18.9 18.5 12.3 26.6
Vio 69,3 69,6 49,3 87,9 23.5 23.2 14.3 34.7
Viq 62,4 61,4 42,8 84,1 27.7 271 16.9 40.5
Viz 66,3 65,2 47,5 87,3 31.6 30.7 18.8 47.8
Vi3 72,0 71,8 52,9 92,2 41.4 39.4 21.6 70.7
V14 71,8 71,0 52,0 94,5 46.9 44.6 24.5 78.1
Vis 75,0 74,1 51,9 101,1 69.8 67.4 28.5 123.2
uy 70,6 70,8 57,3 82,8 4.1 4.1 29 5.6
up 68,8 67,9 55,8 83,2 4.9 4.9 34 6.7
us 50,0 48,4 37,1 67,6 6.9 6.8 4.7 9.3
Uy 60,3 59,5 45,2 77,0 7.3 7.3 4.9 10.1
Us 40,6 38,3 24,4 64,3 9.1 8.9 6.0 12.7
Us 70,1 70,2 52,5 88,8 10.2 10.0 6.8 14.1
uz 68,8 68,9 53,4 84,2 12.8 12.6 8.2 17.7
[ 62,2 62,3 45,8 79,6 14.5 14.2 9.2 20.4
Ug 65,0 65,6 45,2 82,9 16.7 16.3 10.3 24.4
U1o 52,8 52,6 36,4 71,0 20.8 20.2 12.9 30.6
Urg 57,2 56,3 39,9 77,8 215 21.0 11.8 33.5
Uz 55,6 55,3 38,5 73,9 243 23.6 12.7 38.9
U1 55,1 54,6 38,3 73,1 29.0 27.0 13.8 48.9
U14 54,1 54,0 38,9 70,7 29.4 271.7 13.8 54.8
Uss 53,2 52,9 38,7 69,3 221 20.7 10.4 39.1

Figures in bold italics point out real and random 90% CI which are overlapped.

Source: Own elaboration.
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4.2.Some remarks about stability results

Some authors have indicated that instability in principal axes methods is
rather linked to the presence of low cell frequencies. This feature may be crucial
for the study of the stability of individual variables or categories (Markus, 1994;
Linting, Meulman, Groenen y Van der Koojj, 2007). Regarding CA, as far as
we are concerned, it seems that the mere existence of low cell frequencies does
not necessarily mean instability of the principal axes. Anyway, the combined
effect of the magnitude of cell fre-quencies, the similarity among them and their
location within the data matrix, definitely influence the stability.

From the empirical study carried out, other insights could be mentioned:

o When cell frequencies are not extremely low but there are small differen-
ces among them, as in data set 3 (Abascal y Grande, 2005), instability
may come up even along the first axes.

o A small eigenvalue (inertia) of an axis does not necessarily mean an uns-
table axis if a suitable procedure to remove apparent variability (such as
Procrustes-like rotations) has been applied. For instance, this takes place
in the last axes of data set 2, which show a high degree of stability.

o A rather low average angle for a principal axis does not automatically im-
ply stability of this axis (as the third axis in data set 1). It seems more
convenient to regard the distribution of the computed angles (percentiles)
and also to avoid comparisons with rigid thresholds which do not take into
account the features of the data matrix.

e To appoint an axis stable or unstable requires the use of thresholds. Al-
though these thresholds are set up in a non-arbitrary way, stability is still a
matter of degree and therefore the consultation of numerical measure-
ments (e.g. angles) seems necessary.

o There are many applied economics studies whose methodologies are ba-
sed on bootstrap resampling (Del Hoyo, Llorente y Rivero, 2011; Miguel
y Olave, 2002). When, as in the example of data set 4 (Valencia, 2006),
categorical variables together with simple or multiple correspondence
analysis are employed (as in Rodriguez, 2005), a strategy to determine the
stability of patterns seems quite useful.

S. DISCUSSION

Assessing the stability of patterns is crucial in principal axes methods to
avoid the rejection of useful information and the interpretation of meaningless
dimensions. The main objective of this paper has been to suggest a methodolo-
gy which determines the degree of stability of principal axes in CA, bearing in
mind that an interpretable but unstable principal axis should not be kept in mind
as indicator of the latent or underlying structure of the data.
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The Bootstrap methodology seems to be a useful tool for this purpose but it
has to be adapted in some ways. First of all, in the case of CA, a specific pro-
blem arises from the different metrics of the replicated tables, which lead us to
propose to perform CA with imposed metrics (the metrics from the original data
set) on the bootstrapped tables. Thus, the original and replicated clouds of point
categories are located in the same metric space. Secondly, the direct comparison
of some statistics such as principal axes issued from TB may lead to pessimistic
evaluations of stability. So, Procrustes rotations of the bootstrapped configura-
tions are applied to remove the apparent variability of the replicated configura-
tions. In our case, the bootstrapped principal axes are reconstructed from rotated
configurations to obtain the measure of stability of each one.

Finally, since the stability is a matter of degree, any approach to qualify an
axis as stable or unstable may be arbitrary. In our proposal, the comparison of a
measure (e.g. angles) with the same measure obtained from randomly permuted
data is considered a more suitable approach than any fixed threshold for the
average of angles.

Although regarding the matter of selection of axes, our methodology offers
quite similar results to Pearson test statistic, it can be applied for non random
samples and complex designs.

As far as we know, the purpose of both obtaining a bounded measure of the
stability of every principal axis through a Bootstrap procedure and labelling
each axis as stable or unstable by means of a non-arbitrary threshold had not
been tackled so far in the literature on bootstrapping CA.

Future research could be aimed at deepening in our findings by means of
simulations studies with several data sets. These would allow analysing the
individual effects on stability derived from low frequencies, empty cells, similar
magnitude of cell frequencies, low total inertia and a high difference between
the number of row and column categories.
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Appendix A: Data sets
Table 7

Data set 1 Hair colour/ Eye colour

Light Blue Medium Dark

Fair 688 326 343 98

Red 116 38 84 48

Medium 584 241 909 403

Dark 188 110 412 681

Black 4 3 26 85

Source: Fisher (1940).
Table 8
Data set 2. Type of job/Educational level, Females
Without oo BEP/ BAC BAC DEUG/ DUT/BTS/ . . -
studies CAP general  technical ENT health 9
Farmers 5089 1212 1166 0 0 0 0 0
Engineers 0 0 0 316 0 0 304 1033
Technicians 281 0 320 320 283 0 683 0
Qualified workers 7470 1859 4017 1752 657 0 285 0
Not qualified workers 29997 4334 4538 1882 0 0 0 0
Senior management 0 0 0 2236 595 911 569 6788
Middle management 1577 1806 4549 17063 875 4152 15731 3991
Qualified employees 21616 19915 32452 16137 5865 1256 3332 1286
Not qualified 19849 7325 6484 5111 898 294 635 0
employees

Source: Escofier y Pagés (1992).
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Table 9
Data set 3. Brands of milk/Milk attributes
c1 c2 c3 c4 c5 (o] c7 (of:] c9 c10 c11
PASCUAL 29 76 41 53 71 60 70 62 65 58 61
PULEVA 25 54 34 43 47 49 54 52 47 44 39
ASTURIANA 41 57 44 56 62 48 56 46 46 43 38
KAIKU 40 61 42 37 50 41 51 45 41 36 38
RAM 25 33 26 25 35 29 41 34 34 33 26
CELTA 33 39 35 34 36 33 37 32 34 31 36
PRESIDENT 15 26 24 26 28 24 29 26 26 26 20
BONMILK 49 40 36 13 39 1 41 28 29 32 26
DIA 51 28 29 6 34 8 37 24 29 24 21
CAPRABO 31 24 17 4 24 9 27 25 23 22 21
CARREFOUR 33 23 14 7 23 11 29 22 23 22 21
LAUKI 19 19 13 2 17 2 17 17 18 18 15
RENY-PICOT 16 16 11 2 16 2 16 16 16 16 15
Source: Abascal y Grande (2005).
Table 10
Data set 4. Spanish regions/Economic sectors
C1 C2 C3 C4 C5 C6 C7 C8 C9 C10 C11 C12 C13 C14 C15 C16
R1 1121 32 36 1320 73 1198 1854 672 515 245 570 747 745 582 349 344
R2 244 0 22 706 31 271 525 165 159 98 193 234 188 235 105 62
R3 161 8 65 276 11 185 295 102 80 33 8 128 115 91 66 46
R4 35 5 4 212 19 235 353 350 161 43 113 122 68 97 82 32
R5 219 14 6 252 31 484 834 503 248 55 249 355 254 172 170 93
R6 91 17 10 304 12 174 221 87 73 22 61 75 64 67 63 34
R7 673 0 72 1166 45 728 1059 387 356 165 352 609 452 447 238 165
R8 538 1 14 957 27 694 814 277 239 120 183 362 312 290 160 117
R9 370 13 23 1938 49 851 1296 500 439 200 612 335 459 451 353 240
R10 292 6 12 1507 38 609 1156 323 292 140 364 272 300 290 225 182
R11 341 0 32 194 29 349 452 163 85 41 105 209 162 166 94 58
R12 661 147 37 793 18 512 741 221 228 105 203 314 256 236 157 117
R13 36 0 11 637 34 350 568 204 328 195 463 388 235 221 184 133
R14 246 5 342 9 219 442 82 90 44 91 106 119 112 44 46
R15 98 3 454 7 135 197 71 73 41 97 8 111 117 55 37
R16 76 12 6 1139 21 351 544 217 208 91 275 184 245 229 150 157
R17 88 0 312 3 88 144 44 21 30 54 50 41 55 22 11
R18 1 1 4 18 5 23 93 30 33 8 26 166 40 23 24 5

Source: Valencia (2006).
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Appendix B: Comparison between results without and with imposed metrics, both

computed by means of Bootstrap after Procrustes rotation

Tabla 11

Bootstrap without and with imposed metrics

Data Sets Principal Without imposed metrics With imposed metrics
Axes Mean Median Ps Pys Mean Median Ps Pys
V4 2,2 21 0,84 4,03 3.1 2.9 1.2 55
173 4,9 4,6 1,52 9,48 55 5.1 1.9 10.1
Vs 18,5 11,3 3,00 56,95 17.5 11.6 2.9 53.8
Data set 1
Uy 1,6 1,5 0,47 3,21 2.2 21 0.6 4.5
[ 3,4 2,9 0,73 8,07 4.1 3.6 0.9 8.6
us 3,6 3,2 0,84 8,23 45 34 0.9 11.4
7] 0.3 0.3 0.1 0.5 0.5 0.5 0.3 0.9
173 0.5 0.5 0.2 1.0 0.7 0.7 0.3 1.3
Vs 0.6 0.6 0.3 1.0 0.7 0.7 0.4 1.2
Vy 1.7 1.6 0.8 29 2.1 2.0 0.9 34
Vs 22 21 0.9 4.0 2.7 2.6 1.3 4.1
Ve 2.7 2.6 1.1 4.8 3.3 3.2 1.4 5.7
vy 3.0 2.9 1.2 5.2 3.3 3.3 1.6 5.3
Data set 2
uy 0.3 0.3 0.1 0.4 0.5 0.4 0.2 0.7
Uy 0.5 0.5 0.2 0.9 0.6 0.6 0.3 1.1
us 0.5 0.5 0.3 0.9 0.6 0.6 0.3 1.0
Uy 1.1 1.0 0.5 2.0 24 22 0.9 4.4
us 1.2 1.2 0.6 1.9 2.2 21 0.9 3.7
Us 1.3 1.3 0.6 23 2.6 25 1.1 43
us 1.1 1.0 0.5 2.0 2.2 2.0 0.8 4.2
7] 11,5 11,4 7,6 16,0 13.2 13.0 8.5 18.3
173 24,9 24,3 15,7 36,7 28.6 28.0 18.0 40.8
Vs 39,7 38,6 23,3 60,4 41.0 40.1 26.7 58.9
Vy 411 39,3 23,4 62,1 43.5 42.2 26.1 63.6
Vs 451 44,0 25,8 69,3 46.9 459 27.8 67.8
Ve 45,3 44,2 26,6 67,9 48.8 47.8 29.8 711
vy 55,7 53,8 30,0 86,5 54.5 52.5 314 84.8
Vg 63,6 62,4 35,9 97,0 57.8 56.3 327 87.2
Vg 75,1 75,0 40,7 113,1 64.9 64.1 34.6 100.0
V1o 83,2 82,8 48,4 121,6 75.0 72.5 39.5 115.7
Data set 3
uy 10,0 9,9 6,3 14,4 12.0 11.8 7.7 171
[ 19,8 19,4 11,5 29,3 25.5 25.3 14.8 36.9
us 23,3 22,8 12,9 35,2 34.0 334 19.3 49.8
uy 26,7 26,0 14,6 41,6 35.9 35.1 21.0 53.8
us 27,5 26,6 15,6 43,1 36.7 35.8 20.6 55.2
Us 31,1 29,8 17,6 48,8 37.7 36.9 21.8 58.0
uz 32,8 31,0 18,2 52,5 39.8 38.7 20.4 60.8
ug 30,2 29,7 17,7 44,4 38.5 37.9 19.8 60.5
ug 33,1 32,4 19,5 48,7 37.5 36.3 19.7 59.9
U1o 39,7 39,1 22,9 60,6 36.6 354 20.2 56.2
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Tabla 11 (continue)
Bootstrap without and with imposed metrics

Principal Without imposed metrics With imposed metrics
Data Sets Axes Mean Median Ps Pgs Mean Median Ps Pys
2 3.8 3.7 2.6 5.0 4.3 4.3 3.1 5.7
V2 4.2 4.1 2.9 5.4 5.1 5.0 3.6 6.5
V3 5.3 5.3 3.4 7.2 6.8 6.7 4.6 9.3
va 5.8 5.8 4.0 7.9 7.4 7.3 5.3 9.9
Vs 8.1 7.9 5.2 11.6 9.8 9.7 6.3 14.1
Ve 9.2 9.0 6.2 12.7 10.9 10.8 7.7 14.6
vz 12.1 12.0 8.1 16.5 14.2 14.1 9.7 19.7
7] 13.8 13.6 8.7 20.0 16.7 16.4 10.9 23.4
7] 16.1 15.6 10.1 23.5 18.9 18.5 12.3 26.6
V1o 19.8 19.2 11.2 30.4 23.5 23.2 14.3 34.7
Vi1 24.2 23.1 14.3 37.4 27.7 271 16.9 40.5
V12 27.2 26.1 15.5 43.2 31.6 30.7 18.8 47.8
V13 37.9 354 18.0 68.0 41.4 39.4 21.6 70.7
Vi 46.1 43.5 21.8 80.2 46.9 44.6 245 78.1
Data set 4 Vis 71.0 67.6 29.6 125.4 69.8 67.4 28.5 123.2
uy 3.3 3.3 2.2 4.4 4.1 4.1 2.9 5.6
Uz 3.7 3.7 2.6 5.1 4.9 4.9 3.4 6.7
uz 5.2 5.1 34 7.0 6.9 6.8 4.7 9.3
Uy 55 5.4 3.6 7.6 7.3 7.3 4.9 10.1
us 7.5 7.3 4.8 11.0 9.1 8.9 6.0 12.7
Us 7.4 7.2 4.7 10.8 10.2 10.0 6.8 14.1
uy 9.3 9.1 5.8 13.6 12.8 12.6 8.2 17.7
Ug 10.7 10.6 6.5 15.6 14.5 14.2 9.2 20.4
ug 12.5 12.3 7.4 19.3 16.7 16.3 10.3 24.4
Uso 16.3 15.7 9.5 241 20.8 20.2 12.9 30.6
Uy 17.0 16.3 9.7 27.6 21.5 21.0 11.8 335
Uz 19.8 18.6 10.5 31.9 24.3 23.6 12.7 38.9
us3 25.4 23.2 12.0 46.0 29.0 27.0 13.8 48.9
U1g 28.2 25.4 13.6 53.8 29.4 27.7 13.8 54.8
Uss 38.2 31.1 17.1 97.4 22.1 20.7 10.4 39.1

Source: Own elaboration.
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Appendix C: Eigenvalues and Eigenvalue significance Test of the data sets

analysed
Table 12
Eigenvalues and eigenvalues significance tests
Eigenvalues and percentages Eigenvalue
Data Sets of variance significance Test
Eigenvalue Percent Cum. Percent Hx Chi-squared d.f p-value
0,19924 86,6% 86,6% 1240,0 12 0,00000
Data set 1 0,03009 13,1% 99,6% 1 166,7 6  0,00000
0,00086 0,4% 100,0% 2 4,6 2 0,09876
0,52970 58,2% 58,2% 0 246759,5 56  0,00000
0,23983 26,3% 84,5% 1 103160,4 42 0,00000
0,12667 13,9% 98,5% 2 38144,5 30  0,00000
Data set 2 0,00815 0,9% 99,4% 3 3803,9 20  0,00000
0,00283 0,3% 99,7% 4 1594,4 12 0,00000
0,00211 0,2% 99,9% 5 826,4 6  0,00000
0,00093 0,1% 100,0% 6 253,4 2 0,00000
0,03986 79,6% 79,6% 0 227,14 120  0,00000
0,00590 11,8% 91,3% 1 46,4 99 1,00000
0,00146 2,9% 94,2% 2 19,7 80 1,00000
0,00110 2,2% 96,4% 3 13,1 63 1,00000
0,00076 1,5% 97,9% 4 8,1 48 1,00000
Data set 3
0,00057 1,1% 99,1% 5 4,7 35 1,00000
0,00024 0,5% 99,6% 6 2,1 24 1,00000
0,00016 0,3% 99,9% 7 1,0 15 1,00000
0,00005 0,1% 100,0% 8 0,3 8  0,99999
0,00001 0,0% 100,0% 9 0,0 3 0,99763
0,03847 35,8% 35,8% 0 7406,6 255  0,00000
0,02826 26,3% 62,1% 1 4753,7 224  0,00000
0,01313 12,2% 74,4% 2 2804,8 195  0,00000
0,01164 10,8% 85,2% 3 1899,3 168  0,00000
0,00575 5,3% 90,5% 4 1096,7 143  0,00000
0,00447 4,2% 94,7% 5 700,5 120  0,00000
0,00218 2,0% 96,7% 6 392,1 99  0,00000
Data set 4 0,00141 1,3% 98,0% 7 242,0 80  0,00000
0,00096 0,9% 98,9% 8 144,5 63  0,00000
0,00051 0,5% 99,4% 9 78,5 48  0,00354
0,00033 0,3% 99,7% 10 43,5 35  0,15228
0,00020 0,2% 99,9% 11 21,1 24 0,63481
0,00006 0,1% 100,0% 12 7,3 15 0,94784
0,00004 0,0% 100,0% 13 2,9 8  0,94165
0,00001 0,0% 100,0% 14 0,4 3 0,94792

Hy : only k non-zero eigenvalues. Under the hypothesis Hy, the test statistic is asymptotically distributed like a chi-
square with (p-k-1)(q-k-1) degrees of freedom. Figures in bold point out the k accepted number of significant
eigenvalues (a=0,05).In data set 2, all eigenvalues are significant.

Source: Own elaboration.
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