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ABSTRACT
In this paper, we analyze the different weighting techniques used in the valuation theory to correct 

and fi t the market value of an asset with respect to the appraisals from each quality index; particularly 
in the valuation method of the two functions, under both independence and dependence of two quality 
indexes of an asset, and we expand these techniques by their survival functions. Furthermore, we propose 
a new tool to weight two quality indexes based on the mode values of its marginal distribution functions, 
which extend the variety of the possible weighted models to approach the market value. Finally, we give 
an application of these weighted models in one example of land pricing, and thus the assessments of the 
land property according to each weighted model are proposed. 
Keywords: valuation method, survival function, quality index, weighted model.

Ponderando Dos Índices De Calidad En Teoría De Valoración: Función De Su-
pervivencia Y Una Técnica Alternativa

RESUMEN
En este trabajo, analizamos las diferentes técnicas de ponderación utilizadas en teoría de valoración 

para corregir y ajustar el valor de mercado de un bien con respecto a las valoraciones con cada uno de los 
índices de calidad; concretamente en el método de valoración de las dos funciones, bajo independencia 
y dependencia de dos índices de calidad de un bien, y ampliamos estas técnicas mediante sus funciones 
de supervivencia. Además, proponemos una nueva herramienta para ponderar dos índices de calidad 
basada en los valores modales de sus funciones de distribución marginales, extendiendo la variedad de 
los modelos ponderados posibles para aproximar el valor de mercado. Finalmente, damos una aplicación 
de estos modelos ponderados en un ejemplo de tasación de tierras, proponiéndose valoraciones de la 
fi nca según cada modelo ponderado. 
Palabras clave: método de valoración, función de supervivencia, índice de calidad, modelo pon-
derado.
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1. INTRODUCTION

In risk analysis, different procedures based on weighted probability models are 
usual tools to reduce loss of the assessments in multivariate scenarios. In particular, 
the weighted distribution functions have been widely used to correct and fi t the market 
value of an asset with respect to the appraisals from each component of a multidi-
mensional quality index, through the valuation method of the two functions.

In the literature, the beta distribution has been considered a suitable model in both, 
valuation method of the two functions and PERT methodology, because it provides a 
wide variety of probabilistic shapes on fi nite interval. However, the beta model has 
been labelled by Law and Kelton (1982) as a rough model in the absence of data for 
problems of assessment of risk and uncertainty; thus several authors have paid more 
attention to the study and generalization of distributions required in these situations, 
see, e.g. Williams (1992), Callejón, Pérez and Ramos (1996), Johnson (1997), He-
rrerías, García, Cruz and Herrerías (2001), Herrerías (2002) and (2006), van Dorp 
and Kotz (2002a) and (2002b), García and García (2003), Herrerías, García and Cruz 
(2003), García, Cruz and García (2005) and Vivo and Franco (2006). 

Specifi cally, the valuation method based on the two distribution functions (VMTD) 
was introduced by Ballestero (1971) as valuation method of the two beta distributions, 
and extended by Caballer (1975) and Romero (1977); as well as the practical utility 
of this methodology when only small samples are available (e.g. Alonso and Lozano 
(1985)). It has been also used for different applications, such as the valuation of real 
estates, irrigation, trees, business, ...

This valuation method allows to appraise an asset under uncertainty, when the 
appraiser only makes available the pessimistic, optimistic and most likely values, 
which may be supplied by an expert judgement, such as in PERT methodology; for 
instance, see García, Cruz and Andújar (1999), García, Trinidad and Gómez (1999), 
Cruz, García and García (2002), García, Cruz and García (2002), García, Cruz and 
Rosado (2002), Herrerías (2002) and (2006), García and García (2003), García, 
Herrerías and García (2003) and García, Trinidad and García (2006). Moreover, the 
VMTD provides the same valuations using the survival functions instead of distribu-
tion functions when there is only one quality index; however, it supplies assessments 
less than the valuation method based on the two survival functions (VMTS) when 
there are more than one quality index, see e.g. Franco, Herrerías, Vivo and Callejón 
(2005) and Vivo (2005). 

In anyway, the valuation method of the two functions unfortunately presents some 
disadvantages when it is considered greater information by more than one quality 
index of this asset, such as loss or profi t with respect to the assessments from each 
quality index. 

In order to reduce loss of the assessments in risk analysis, it is usual to consider 
probability models weighting the distinct components of the quality index. In particu-
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lar, seeking to reduce the depreciation (appreciation) underwent in the market by the 
VMTD (VMTS) when two quality indexes are made available, weighted probability 
models based on the marginal distribution functions of the two-dimensional quality 
index are used, in both independence and dependence between its components, to 
correct and fi t the market value of the asset.

In this setting, the weighted model of two quality indexes requires to determine 
the weights of each component, i.e., the coeffi cients α  or p  of one quality index, 
respectively, according to the independence or dependence between both indexes. 
Thus, Herrerías (2002) and (2006) and García and García (2003) analyze three ways 
to calculate these weights:

• Subjective (supplied by an expert judgment).
• Modal (relationship between the modal values).
• Econometric (fi t by the linear models).

Furthermore, under independence of the two quality indexes, Herrerías (2002) 
and (2006) examines the use of the three procedures, with their advantages and di-
sadvantages, respectively. However, under dependence of them, he comments that 
these techniques are reduced to two: subjective and econometric. Nevertheless, we 
have not found any motive to discard the modal technique under dependence, except 
the same ones as in the case of independence.

Remark that, in the subjective technique, the expert (appraiser) supplies the infor-
mation about the weights of the indexes, and so, one might point out the inconvenient 
of subjectivity itself, see Herrerías (2002) and (2006). 

Therefore, we analyze the modal and econometric techniques used in the valuation 
method of the two functions, under both independence and dependence of two quality 
indexes of an asset, and we go deeply into the weighting of the two indexes by a 
double way, which extends the variety of possible weighted models to approach the 
market value of the asset. Firstly, we expand the weighted models from the survival 
functions of the two quality indexes by the modal and econometric techniques, and 
secondly, we propose the modal-mean technique as an alternative tool to weight two 
quality indexes based on the mode values of its marginal functions. 

Likewise, the different weighted models from two quality indexes are applied 
in the valuation method of the two functions (VMTD and VMTS) to approach the 
market value in one example of land pricing, and consequently, the assessments of 
the land property according to each weighted model are proposed. 

For that, this paper is organized as follows. Section 2 briefl y discusses the techni-
ques to weight the distribution functions of two quality indexes. Section 3 expands 
these tools to the survival function of two quality indexes. Section 4 introduces a 
new technique to weight two quality indexes, which is free of the probability model 
of the market value. Section 5 shows an application in the valuation method of the 
two functions. Finally, the main comments and conclusions of this paper are sum-
marized.
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2. WEIGHTING TWO QUALITY INDEXES BY THEIR DISTRIBUTION 
FUNCTIONS

In this section, we describe the modal and econometric techniques used to weight 
two quality indexes in the valuation method of the two functions, which were intro-
duced by their marginal distribution functions. 

2.1. Econometric technique

To summarize the econometric technique in the weighting of the marginal distri-
bution functions of two-dimensional quality index of an asset, we distinguish between 
independent and dependent components.

2.1.1. Two independent quality indexes

From two independent quality indexes, Herrerías (2002) and (2006) and García and 
García (2003) study the next weighted model given by the distribution function

         )()(),( 2
1
21121 iFiFiiFWD

αα −=                                (1)

where iF  is the marginal distribution function of the i -th quality index, 2,1=i , and 
with joint distribution function ),( 21 iiFI .

In this context, the econometric technique is based on the estimation of the fo-
llowing regression model

               ntuiFiFvF ttttV ,...,1 ,)(log)(log)(log 2211 =++= βα

where VF  is the distribution function of the market value V  of the asset.
So, the estimation α̂  of the coeffi cient of the fi rst quality index might be calculated 

by restricted least squares, i.e., for least squares involving the restriction 1=+ βα .

2.1.2. Two dependent quality indexes

On the other hand, under dependence, the weighted model
        )()1()(),( 221121 iFpipFiiFWD −+=    (2)

is analyzed by Herrerías (2002) and (2006) and García and García (2003), and using 
the econometric technique, the weight is determined by the next regression model

   ntuiqFipFvF ttttV ,...,1 ,)()()( 2211 =++=
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taking into account the constraint 1=+ qp . Therefore, the parameter p  of the fi rst 
component is estimated by restricted least squares.

Remark that the main advantage of the valuation methods of the two functions 
(VMTD and VMTS) against other appraisal methods is the practical utility of this 
methodology when only small samples are available and the weakness of the other 
ones in the absence of data. It reduces the usefulness of the above regression models, 
and consequently, for the estimation of the weights by the previous econometric 
techniques, which attempt to improve the assessments by the best fi t among the 
distributions. Besides, one can note the addition of errors, in the estimation of the 
weights and the fi t of the probability models (market value and quality index).

2.2. Modal technique

In this subsection, we analyze the modal technique to fi nd the weighted model 
from two quality indexes, which is based on the equality of the distribution functions 
in the modal values of the market value and two-dimensional quality index (see e.g. 
Herrerías (2002) and (2006) and García and García (2003)).

Firstly, the modal technique determines the weights by the following relationship 
between the distribution functions

    ),()( 21 mmFmF WDV =      (3)

where WDF  is the distribution function of the weighted model from the marginal 
distribution functions of the two-dimensional quality index.

Let us see now the behaviour of the modal technique when both components of the 
quality index are independent, and secondly, when the components are dependent.

2.2.1. Two independent quality indexes

From two independent quality indexes, from (1) and (3) the weight of the fi rst 
component is given by

    )()()( 2
1
211 mFmFmFV

αα −=

or equivalently,

    
α
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⎞
⎜⎜⎝
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where 10 << α  represents the weight of the fi rst component of the quality index.
If )()( 2211 mFmF = , then (4) only makes sense when )()()( 2211 mFmFmFV == , 

which is a strong restriction over the asset modal market value. In this case, α  might 
be any point within ( )1,0 .

If )()( 2211 mFmF ≠ , then the weight of the fi rst component holds 

       )(log)(log
)(log)(log

2211

22

mFmF
mFmFV

−
−=α

wherein we point out the following contradictory situations:
(i) When )()()( 1122 mFmFmFV <<  then 0<α  
(ii) When )()()( 2211 mFmFmFV <<  then 1>α  

Therefore, so that ( )1,0∈α , it is necessary to impose the following condition over 
the asset modal market value 

])(),([)( jjiiV mFmFmF ∈  with }2,1{∈≠ ji  such that )()( jjii mFmF <   (5)

Besides, Ballestero and Rodríguez (1999) and Herrerías (2002) and (2006) point 
out that the modal valuation has not to correspond with the modal quality index. 
In spite of everything, we conclude with the following disadvantage for the modal 
technique by marginal distribution functions under independence: strong restrictions 
over the mode of the distribution function of the market value are required to get 
feasible weights.

2.2.1. Two dependent quality indexes

When the two-dimensional quality index has dependent components, from (2) 
and (3), the modal technique allows us to get the weights by

   )()1()()( 2211 mFpmpFmFV −+=

or equivalently,
   ( ))()()()( 221122 mFmFpmFmFV −=−    (6)

where 10 << p  represents the weight of the fi rst component of the quality index.
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If )()( 2211 mFmF = , then (6) only makes sense for )()()( 2211 mFmFmFV == , 
which is a strong restriction over the asset modal market value, and thus, p  could 
be chosen within ( )1,0 .

If )()( 2211 mFmF ≠ , then the weight holds

                        )()(
)()(

2211

22

mFmF
mFmFp V

−
−=

wherein we point out the following contradictory cases:
(iii) When )()()( 1122 mFmFmFV <<  then 0<p  
(iv) When )()()( 2211 mFmFmFV <<  then 1>p  

Therefore, so that ( )1,0∈p , it is necessary to impose the condition (5) over the 
modal market value.

Consequently, under dependence between both quality indexes, the disadvantages 
for the modal technique by marginal distribution functions are the same as in the 
independent case. Thus, there is not other motive to discard the modal technique 
when both quality indexes are dependent. 

3. WEIGHTING TWO QUALITY INDEXES BY THEIR SURVIVAL FUNC-
TIONS

In this section, we discuss the modal and econometric techniques from an al-
ternative viewpoint, using the marginal survival functions of the two-dimensional 
quality index, which expand the different weighting used in the valuation method 
of the two functions.

3.1. Econometric technique

Let us see now the econometric technique to weight two quality indexes through 
their marginal survival functions, instead of their distribution functions. For that, we 
also consider the independent and dependent cases. 

3.1.1. Two independent quality indexes

Assuming independence between the components of the quality index, the weig-
hted model from marginal survival functions is given by the survival function

                                )()(),( 2
1
21121 iSiSiiSWS

αα −=      (7)
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where ii FS −= 1  is the marginal survival function of the i -th quality index, 2,1=i , 
and with joint survival function ),( 21 iiSI .

Thus, the estimation α̂  can be obtained through restricted least squares in the 
following regression model

  ntuiSiSvS ttttV ,...,1 ,)(log)(log)(log 2211 =++= βα

taking into account the constraint 1=+ βα , where VV FS −= 1  is the survival function 
of the market value of the asset.

3.1.2. Two dependent quality indexes

Likewise, when the components of the quality index are dependent, the weighted 
model from marginal survival functions is given by

   )()1()(),( 221121 iSpipSiiSWS −+=     (8)

and hence, the estimation p̂  might be calculated by restricted least squares in the 
next regression model

ntuiqSipSvS ttttV ,...,1 ,)()()( 2211 =++=

using the constraint 1=+ qp .

Remark that the econometric technique based on the marginal survival functions 
has the same criticism as one based on the marginal distribution functions to estimate 
the weights of two quality indexes in the valuation methods of the two functions 
(VMTD and VMTS).

3.2. Modal technique

Let us see now an alternative viewpoint in the modal technique based on the sur-
vival functions to weight two quality indexes, instead of the distribution functions. 

Thus, the weights with the modal technique are determined by the equality of the 
survival functions in the modes of the market value and two-dimensional quality 
index

                ),()( 21 mmSmS WSV =     (9)WS
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where WSS  is the survival function of the weighted model from the marginal survival 
functions of the two-dimensional quality index.

To discuss the behaviour of this weighting technique, the independent and depen-
dent cases are also studied.

3.2.1. Two independent quality indexes

In this case, from (7) and (9), the weight of the fi rst component is given by

                     )()()( 2
1
211 mSmSmSV

αα −=

or equivalently,

              
α

⎟⎟⎠

⎞
⎜⎜⎝

⎛
=

)(
)(

)(
)(

22

11

22 mS
mS

mS
mSV    (10)

If )()( 2211 mSmS = , then (10) only makes sense for )()()( 2211 mSmSmSV == , 
which is a strong restriction over the asset modal market value, and α  might be any 
point within ( )1,0 .

If )()( 2211 mSmS ≠ , then the weight holds

       )(log)(log
)(log)(log

2211

22

mSmS
mSmSV

−
−=α

wherein we remark the following contradictory situations:

(v) When )()()( 1122 mSmSmSV >>  then 0<α  
(vi) When )()()( 2211 mSmSmSV >>  then 1>α  

Therefore, so that ( )1,0∈α , it is necessary to impose the following condition over 
the asset modal market value 

])(),([)( jjiiV mSmSmS ∈  with }2,1{∈≠ ji  such that )()( jjii mSmS <  (11)

Remark that the disadvantage of the modal technique from marginal survival 
functions is the strong restriction (11) over the mode of the survival function of the 
market value in order to obtain feasible weights.

WS
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3.2.1. Two dependent quality indexes

When both quality indexes are dependent, from (8) and (9) the modal technique 
allows us to obtain the weights by

               )()1()()( 2211 mSpmpSmSV −+=

or equivalently,
       ( ))()()()( 221122 mSmSpmSmSV −=−              (12)

where 10 << p  is the weight of the fi rst quality index.
If )()( 2211 mSmS = , then (12) only makes sense for )()()( 2211 mSmSmSV ==

, which is a strong restriction over the asset modal market value, but p  can be any 
point within ( )1,0 .

If )()( 2211 mSmS ≠ , then the weights holds 

            )()(
)()(

2211

22

mSmS
mSmSp V

−
−=

wherein we point out the following contradictory cases:

(vii) When )()()( 1122 mSmSmSV >>  then 0<p  
(viii) When )()()( 2211 mSmSmSV >>  then 1>p  

Therefore, so that ( )1,0∈p , it is necessary to impose the condition (11) over the 
modal market value. 

So, the disadvantages for the modal technique from the marginal survival functions 
of two dependent quality indexes are the same as in the independent case.

Besides, note that )()( 2211 mSmS =  if and only if )()( 2211 mFmF = , and the condi-
tions (5) and (11) are equivalent. Consequently, we have found the same criticisms for 
this technique through both ways, the marginal survival functions and the marginal 
distribution functions.

4. MODAL-MEAN TECHNIQUE TO WEIGHT TWO QUALITY INDEXES

In this section, we discuss a new technique to fi nd the weights of the components, 
avoiding the disadvantages of the former tools: the subjectivity, the weakness of the 
econometric methods and the restrictions over the modal market value of the modal 
technique. 
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For that, we consider a method based on the marginals of the bivariate probability 
model of the two-dimensional quality index and the weighted model from them, to 
weight both components. So, the modal-mean technique provides weighted models 
from both quality indexes and free of the market value distribution, because it is only 
based on the modal values of the quality indexes.

4.1. Modal-mean technique by distribution functions

In order to reduce the depreciation of the VMTD with respect to the assessments 
from each component, we analyze the weighting of the marginal distribution functions 
of two-dimensional quality index.

Remark that for any weight of the fi rst component, 10 << α  or 10 << p  under 
independence or dependence, respectively, the weighted models (1) and (2) are bound 
by the marginal distribution functions of ),( 21 iiFI

  )}(),({sup),()}(),({inf 2211212211 iFiFiiFiFiF WD ≤≤

for all quality index ( )21, ii . In particular, for the modal quality index ( )21,mm , the 
following inequalities hold

               )}(),({sup),()}(),({inf 2211212211 mFmFmmFmFmF WD ≤≤

In this setting, we propose the modal-mean technique to obtain the weight (α  
or p ) such that the distance among these three values is minimized, i.e., the modal 
value of the weighted distribution function and the two modal values of the marginal 
distribution functions, which is given by 

   
2

)()(
),( 2211

21
mFmFmmFWD

+=    (13)

Note that the modal-mean technique uses the available information by these quality 
indexes; so it is not infl uenced by the market value, and consequently, this procedure 
does not require any restriction over the modal market value.

4.1.1. Two independent quality indexes

Firstly, when the components of the quality index are independent, from (1) and 
(13), the weight α  by the modal-mean method is given by
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   2
)()(

)()( 2211
2

1
211

mFmFmFmF +=−αα

or equivalently,

       )(2
)()(

)(
)(

22

2211

22

11

mF
mFmF

mF
mF +=⎟⎟⎠

⎞
⎜⎜⎝

⎛ α

 where 10 << α  represents the weight of the fi rst component of the quality index.
If )()( 2211 mFmF = , then α  can take any value within ( )1,0 . 
If )()( 2211 mFmF ≠ , then the weight holds

      
)1,0(

)(log)(log

)(log
2

)()(
log

2211

22
2211

∈
−

−⎟
⎠
⎞⎜

⎝
⎛ +

=
mFmF

mFmFmF

α .

Therefore, this method always provides feasible weights from two independent 
quality indexes.

4.1.2. Two dependent quality indexes

On the other hand, when the components of the quality index are dependent, from 
(2) and (13), we have the next equation 

        2
)()(

)()1()( 2211
2211

mFmFmFpmpF +=−+

or equivalently,

           
( )

2
)()(

)()( 2211
2211

mFmFmFmFp −=−

where 10 << p  represents the weight of the fi rst quality index.

If )()( 2211 mFmF = , then p  may be any point within ( )1,0 .
If )()( 2211 mFmF ≠ , then .2/1=p

Remark that, under dependence between the components, the modal-mean tech-
nique provides the same weight for both quality indexes, which shows its coherence, 
since the dependent structure between the components includes the predominance and 
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importance of one over the other, and therefore it will be contradictory the assignment 
of the different coeffi cients in the weighted model.

4.2. Modal-mean technique by survival functions

Let us see now the weighting of the marginal survival functions of two-dimen-
sional quality index.

Taking into account that for any weight of the fi rst component, 10 << α  or 
10 << p  under independence or dependence, respectively, the weighted models (7) 

and (8) are bound by the marginal survival functions of ),( 21 iiSI

  )}(),({sup),()}(),({inf 2211212211 iSiSiiSiSiS WS ≤≤

for all quality index ( )21, ii . Hence, the weighted survival function WSS  allows to 
reduce the appreciation of the VMTS with respect to the assessments from each 
component.

In particular, for the modal quality index ( )21,mm , we have

       )}(),({sup),()}(),({inf 2211212211 mSmSmmSmSmS WS ≤≤

and therefore, the coeffi cient (α  or p ) by the modal-mean technique is defi ned by 
the minimum distance among the modal value of the weighted model and the two 
modal values of the marginal survival functions

     
2

)()(
),( 2211

21
mSmSmmSWS

+=   (14)

Remark that (14) only uses the two modal values of the marginal survival func-
tions, just like the modal-mean method from the marginal distribution functions, and 
consequently, it does not require any restriction over the modal market value.

4.2.1. Two independent quality indexes

In the fi rst place, when the components of the quality index are independent, from 
(7) and (14), the weight α  of the fi rst component is determined by

                2
)()(

)()( 2211
2

1
211

mSmSmSmS +=−αα

WS

WS

WS

WS
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or equivalently,

    )(2
)()(

)(
)(

22

2211

22

11

mS
mSmS

mS
mS +=⎟⎟⎠

⎞
⎜⎜⎝

⎛ α

If )()( 2211 mFmF = , i.e. )()( 2211 mSmS = , then α  can be any value within ( )1,0 .
If )()( 2211 mFmF ≠ , i.e. )()( 2211 mSmS ≠ , then the weight holds

  

( )
( ) ( ) )1,0(

)(1log)(1log

)(1log
2

)()(
1log

2211

22
2211

∈
−−−

−−⎟
⎠
⎞⎜

⎝
⎛ +−

=
mFmF

mFmFmF

α

Therefore, this method always provides feasible weights from two independent 
quality indexes.

4.2.2. Two dependent quality indexes

In the second place, when both quality indexes are dependent, from (8) and (14), 
the weight p  of the fi rst component is given by 

       2
)()(

)()1()( 2211
2211

mSmSmSpmpS +=−+

or equivalently,

            
( )

2
)()(

)()( 2211
2211

mSmSmSmSp −=−

If )()( 2211 mFmF = , then p  can be chosen within ( )1,0 .
If )()( 2211 mFmF ≠ , then .2/1=p

Consequently, under dependence between the components, the modal-mean te-
chnique provides the same weight for both marginal survival functions, just like the 
modal-mean method from the marginal distribution functions, and therefore it will 
be contradictory the assignment of the different coeffi cients in the weighted model, 
because its dependence includes the prevalence of one over the other.
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5. APPLICATION IN THE VALUATION METHOD OF THE TWO FUNC-
TIONS

In this section, we apply these weighting techniques in one example of land pricing 
through the valuation method of the two functions when the appraiser only makes 
available the pessimistic, optimistic and most likely values of both, market value and 
two-dimensional quality index. 

In particular, we consider the transactions of agricultural properties in Tierras de 
Campos and Centro regions (Valladolid, Spain) given in Alonso and Lozano (1985) 
and García and García (2003). The quality indexes used to explain the market values 
(€) are the income per hectare (€/Ha) and the inverse distance to Valladolid (1/km).

Table 1 displays data of the pessimistic, optimistic and most likely values for each 
variable (market value and two quality indexes). Here, the objective is to appraise 
an agricultural property whose incomes per hectare are 194.31€ and its location is 
24km to Valladolid.

Table 1. Transactions of agricultural plots.
Pessimist Optimist Most likely

V=Market value (€/Ha) 1502.53 3005.06 1953.29
I1=Income (€/Ha) 120.20 300.51 195.33
I2=Inverse distance (1/km) 1/70 1/10 1/50

Remark that García and García (2003) apply the VMTD in this example by the 
assumption of independence between both quality indexes and triangular distributions, 
as well as a triangular market value distribution. Moreover, they use the weighting 
techniques based on the distribution functions (subjective, modal and econometric) 
to reduce the depreciation of the VMTD with respect to the appraisals obtained from 
each component. In particular, 75.0=α  is assumed as the subjective weight of the 
fi rst component (incomes per hectare).

In this context, we will consider triangular and trapezoidal models for the market 
value of agricultural plots, i.e.

  ( )29.1953,06.3005,53.1502 ===∼ VVV mbaTriangV
and

 ( )34.200,29.1953,06.3005,53.1502 ====∼ VVVV wmbaTrapV

where the trapezoidal model is obtained by the procedure of Vivo and Franco (2006) 
to determine the underlying distribution from the three values of Table 1, and thus, 

Vm  is the midpoint of the modal interval ( )VVVV wmmwmm +=−= 21 ,  and Vw  is 
the half of its length.

0.75
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These market value distributions are a sample of the different models that might be 
considered to obtain the assessments ∗Dv  and ∗Sv  of the land through both valuation 
methods, VMTD and VMTS, respectively, which are defi ned by 

    ( ) ( )21
1

21 ,, iiFFiiv VDD ∗
−

∗ == oφ    (15)

and

   ( ) ( )21
1

21 ,, iiSSiiv VSS ∗
−

∗ == oφ    (16)

where asterisk is replaced by “WD” or “WS” according to the weighted model of 
both quality indexes, see e.g. Herrerías (2002) and (2006), García and García (2003) 
and Vivo (2005).

Note that the modal-mean technique is not infl uenced by the market value dis-
tribution, and so, the same coeffi cient has been assumed when the market value has 
a trapezoidal distribution for a better comparison between the assessments of both 
distributions.

In the fi rst place, the weights of the fi rst component of the two-dimensional qua-
lity index have been determined by the different techniques based on their marginal 
distribution functions. Table 2 displays these weights and the appraisals DWDv  and 

SWDv  of the land through both methods, VMTD and VMTS, respectively, when each 
weighted model given by (1) is used in (15) and (16).

Table 2. Valuations by the weighted model of the marginal distribution 

functions ( WDF ).

Weighting technique α VF DWDv SWDv
Subjective 0.75 Triangular 2054.33 2655.11
Subjective 0.75 Trapezoidal 2035.06 2650.70
Econometric 0.615456 Triangular 2064.94 2609.91
Econometric 0.615456 Trapezoidal 2047.14 2604.92
Modal 0.82074 Triangular 2048.92 2695.77
Modal 0.82074 Trapezoidal 2028.85 2691.87
Modal-mean 0.702754 Triangular 2058.01 2635.08
Modal-mean 0.702754 Trapezoidal 2039.26 2630.41

Analogously, Table 3 shows the weights of the fi rst component from (7) by the 
different techniques based on their marginal survival functions, and the assessments 
DWSv  and SWSv  of the property through both methods, VMTD and VMTS, respec-

tively, when each weighted survival function WSS  is used in (15) and (16).

WD

WS
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Table 3. Valuations by the weighted model of the marginal survival 

functions ( WSS ).
              

Weighting technique α VF DWSv SWSv
Subjective 0.75 Triangular 1689.99 2057.37
Subjective 0.75 Trapezoidal 1659.78 2038.54
Econometric 0.671763 Triangular 1705.06 2064.05
Econometric 0.671763 Trapezoidal 1672.43 2046.13
Modal 0.612085 Triangular 1712.13 2069.12
Modal 0.612085 Trapezoidal 1678.36 2051.86
Modal-mean 0.441782 Triangular 1714.64 2083.42
Modal-mean 0.441782 Trapezoidal 1680.46 2067.85

Remark that, in all cases, the VMTS proposes appraisals greater than the 
VMTD.

On the other hand, to give a more clear exposition of the behaviour of the mo-
dal-mean technique in both valuation methods, VMTD and VMTS, we show some 
graphs corresponding to the trapezoidal distribution for the market value and two 
independent and triangular quality indexes. 

Note that to make easy the interpretation of these graphs in the plane, both qua-
lity indexes have been simultaneously taken from the least to the supreme into their 
supports, and the valuations from each weighting technique, modal, econometric and 
modal-mean, will be marked by “mo”, “ec” and “mm”, respectively.

In this setting, we represent the assessments from the weighted model based on 
the marginal distribution functions by the modal-mean technique, i.e. WDF  given 
by (1) with 702754.0ˆ =α . Figure 1 depicts these appraisals through both valuation 

methods, mmDWDv _  and mmSWDv _ , jointly with the ones obtained from the original 
distribution model IF , as well as the others from each component of the quality 
index, 1v  and 2v . 

Thus, Figure 1 shows the depreciation (appreciation) underwent in the market value 
by the VMTD (VMTS) when two quality indexes are made available, with respect 
to the assessments from each quality index. However, the modal-mean technique 
through the weighted model of their marginal distribution functions provides greater 
assessments in each valuation method. Further, they are always between the appraisals 
from each component by the VMTD, and they are the greatest by the VMTS.

WS

WD
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Figure 1. Valuations from the modal-mean technique by distribution functions.

Likewise, Figure 2 shows the valuations from the weighted models based on the 
marginal distribution function by the three weighting techniques, modal, econometric 
and modal-mean, i.e. WDF  given by (1) with 82074.0ˆ =α , 615456.0  and 702754.0
, respectively. This graph compares these appraisals from the modal-mean technique 
by both valuation methods, mmDWDv _  and mmSWDv _ , with respect to the ones from 
the others, since they are always between the assessments from the modal and eco-
nometric techniques in each valuation method, VMTD and VMTS. 

WD
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Figure 2. Valuations from the three weighting techniques by distribution functions.

In a similar way, we draw the valuations from the weighted model based on the 
marginal survival functions by the modal-mean technique, i.e. WSS  defi ned by (7) 
with 441782.0ˆ =α . Moreover, these appraisals through both valuation methods, 

mmDWSv _  and mmSWSv _ , are drawn jointly with the ones obtained from the original 
survival function IS , as well as the others from each component of the quality index, 

1v  and 2v . 
So, Figure 3 describes the appreciation (depreciation) underwent in the market 

value by the VMTS (VMTD) when two quality indexes are made available, with 
respect to the assessments from each quality index. Likewise, the modal-mean tech-
nique through the weighted model of their marginal survival functions provides lower 
assessments in each valuation method. Further, they are always between the appraisals 
from each component by the VMTS, and they are the least by the VMTD.

Finally, Figure 4 depicts the valuations from the weighted models based on the 
marginal survival function by the three weighting techniques, modal, econometric and 
modal-mean, i.e. WSS  given by (7) with 612085.0ˆ =α , 671763.0  and 441782.0 , 
respectively. It compares these appraisals from the modal-mean technique by both va-
luation methods, mmDWSv _  and mmSWSv _ , with respect to the ones from the others, 
since they are always over (below) the assessments from the modal and econometric 
techniques in the VMTS (VMTD). 

WS

WS
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Figure 3. Valuations from the modal-mean technique by survival functions.
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Figure 4. Valuations from the three weighting techniques by survival functions.



103WEIGHTING TWO QUALITY INDEXES IN VALUATION THEORY: SURVIVAL FUNCTION... 

Estudios de Economía Aplicada, 2007: 83-106 • Vol. 25-1

6. COMMENTS AND CONCLUSIONS

In this paper, the problem of the depreciation (appreciation) underwent by the va-
luation method of the two distribution (survival) functions has been considered when 
the appraiser only makes available the pessimistic, optimistic and most likely values 
of both variables, market value of an asset and its two-dimensional quality index. 

In this case, the valuation of the asset is usually approached by weighted models 
of the two quality indexes, using their marginal distribution functions, and the used 
weighting techniques are subjective, modal and econometric, although the subjective 
technique is not recommended by itself subjectivity of the expert judgment. 

Firstly, the marginal survival functions of two-dimensional quality index have 
been used to expand the variety of weighted models to approach the valuation of 
the asset.

So, strong restrictions over the mode of the survival function of the market value are 
required to get feasible weights by the modal technique, in both cases, independence 
and dependence between the components of the quality index. These restrictions are 
determined by the marginal survival functions in the modal quality index. 

Also, these constraints are demanded to obtain feasible weights with the modal 
technique by the marginal distribution functions, which are equivalent to use the 
distribution functions instead of survival functions. 

Likewise, the econometric technique estimates the weights of two quality indexes 
by regression models based on their marginal survival functions, which attempt to 
improve the assessments by the best fi t among the survivals. Thus, its usefulness is 
reduced when only small samples are available; because this is the main advantage of 
the valuation methods of the two functions against other appraisal methods. Besides, 
one can note the addition of errors, in the estimation of the weights and the fi t of the 
probability models (market value and quality index).

In order to avoid the disadvantages of these methods, the modal-mean technique 
is based on the minimum distance among the modal value of the weighted model and 
the two modal values of the marginal distribution (survival) functions. 

Thus, this method is only based on the available information by these quality in-
dexes, i.e., it is not infl uenced by the market value, and consequently, this procedure 
does not require any restriction over the modal market value. So, it allows fi nd the 
weights of the components without the subjectivity, the weakness of the econometric 
methods and the restrictions over the mode of the modal technique. 

Besides, the modal-mean technique always provides feasible weights from two 
independent quality indexes, which has been applied to appraise an agricultural 
land, and the behaviour of its valuations has been compared with ones of the other 
techniques.

Finally, under dependence between the components, the modal-mean technique 
provides the same weight for both quality indexes, which shows its coherence, since 
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the dependent structure between the components includes the predominance and im-
portance of one over the other, and therefore it will be contradictory the assignment 
of the different coeffi cients in the weighted model.

Acknowledgments

The authors are grateful to the referees for the comments and careful reading of 
the manuscript, which has improved this paper.

7. REFERENCES

ALONSO, R. AND LOZANO, J. (1985). El método de las dos funciones de distribución: Una apli-

cación a la valoración de fincas agrícolas en las comarcas Centro y Tierra de Campos 

(Valladolid). Anales del INIA: Economía, 9, 295-325.

BALLESTERO, E. (1971). Sobre valoración sintética de tierras y un nuevo método aplicable a la 

concentración parcelaria. Revista de Economía Política, 57, 225-238.

BALLESTERO, E. AND RODRÍGUEZ, J.A. (1999). El precio de los inmuebles urbanos. CIE Inver-

siones, DOSSAT 2000, Madrid.

CABALLER, V. (1975). Concepto y métodos de valoración agraria. Mundi-Prensa, Madrid.

CALLEJÓN, J., PÉREZ, E. AND RAMOS, A. (1996). La distribución trapezoidal como modelo 

probabilístico para la metodología PERT. X Reunión Anual de ASEPELT, Albacete. In: R. 

Herrerías (ed) Programación, Selección y Control de Proyectos en ambiente de incerti-

dumbre. Universidad de Granada, 2001, 167-177.

CRUZ, S., GARCÍA, C.B. AND GARCÍA, J. (2002). Statistical test for the method of the two distribu-

tion functions. An application in finance. VI Congreso de Matemática Financiera y Actuarial 

and 5th Italian-Spanish Conference in Financial Mathematics, Valencia.

FRANCO, M., HERRERÍAS, R., VIVO, J.M. AND CALLEJÓN, J. (2005). Valuation method of the 

two survival functions as a proxy methodology in risk analysis. CIMMA2005: International 

Mediterranean Congress of Mathematics Almería 2005, Almería.

GARCÍA, C., TRINIDAD, J.E. AND GARCÍA, J. (2006). Generalización en dos ramas de las distribu-

ciones biparabólica y TSP. Aplicación en el método de las dos funciones de distribución. 

XX Reunión Anual de ASEPELT, La Laguna.

GARCÍA, J., CRUZ, S. AND ANDÚJAR, A.S. (1999). Il metodo delle due funzioni di distribuzione: 

Il modello triangolare. Una revisione. Genio Rurale, 11, 3-8.



105WEIGHTING TWO QUALITY INDEXES IN VALUATION THEORY: SURVIVAL FUNCTION... 

Estudios de Economía Aplicada, 2007: 83-106 • Vol. 25-1

GARCÍA, J., CRUZ, S. AND GARCÍA, L.B. (2002). Generalización del método de las dos funcio-

nes de distribución (MDFD) a familias beta determinadas con lo tres valores habituales. 

III Reunión Científica ASEPELT: Análisis, Selección, Control de Proyectos y Valoración, 

Murcia, 89-113.

GARCÍA, J., CRUZ, S. AND GARCÍA, L.B. (2005). The two-sided power distribution for the treat-

ment of the uncertainty in PERT. Statistical Methods & Applications, 14, 209-222.

GARCÍA, J., CRUZ, S. AND ROSADO, Y. (2002). Extensión multi-índice del método beta en 

valoración agraria. Economía Agraria y Recursos Naturales, 2, 3-26.

GARCÍA, J. AND GARCÍA, L.B. (2003). Teoría General de Valoración. Método de las dos funciones 

de distribución. Fundación Unicaja, Málaga.

GARCÍA, J., HERRERÍAS, R. AND GARCÍA, L.B. (2003). Valoración agraria: Contrastes estadísticos 

para índices y distribuciones en el método de las dos funciones de distribución. Revista 

Española de Estudios Agrosociales y Pesqueros, 199, 93-118.

GARCÍA, J., TRINIDAD, J.E. AND GÓMEZ, J. (1999). El método de las dos funciones de distri-

bución: la versión trapezoidal. Revista Española de Estudios Agrosociales y Pesqueros, 

185, 57-80.

HERRERÍAS, J.M. (2002). Avances en la Teoría General de Valoración en Ambiente de Incerti-

dumbre. Doctoral Dissertation, Universidad de Granada.

HERRERÍAS, J.M. (2006). Modelos probabilísticos aplicados a la Teoría General de Valoración: 

El método de las dos betas. Fundación Unicaja, Málaga.

HERRERÍAS, R., GARCÍA, J. AND CRUZ, S. (2003). A note on the reasonableness of PERT 

hypotheses. Operations Research Letters, 31, 60-62.

HERRERÍAS, R., GARCÍA, J., CRUZ, S. AND HERRERÍAS, J.M. (2001). Il modello probabilistico 

trapezoidale nel metodo delle due distribuzione della teoria generale de valutazioni. Genio 

Rurale. Rivista di Scicienze Ambientali, LXIV, 3-9.

JOHNSON, D. (1997). The triangular distribution as a proxy for the beta distribution in risk analysis. 

Journal of the Royal Statistical Society, Ser. D, 46, 387-398.

LAW, A.M. AND KELTON, W.D. (1982). Simulation modelling and analysis. McGraw-Hill, New 

York.

ROMERO, C. (1977). Valoración por el método de las dos distribuciones beta: una extensión. 

Revista de Economía Política, 75, 47-62.

VAN DORP, J.R. AND KOTZ, S. (2002a). The standard two sided power distribution and its pro-

perties: with applications in financial engineering. The American Statistician, 56, 90-99.

VAN DORP, J.R. AND KOTZ, S. (2002b). A novel extension of the triangular distribution and its 

parameter estimation. Journal of the Royal Statistical Society, Ser. D, 51, 63-79.



106  M. Franco Nicolás and J.M. Vivo Molina

  Estudios de Economía Aplicada, 2007: 83-106• Vol. 25-1

VIVO, J.M. (2005). Propiedades de Extremos en Algunos Modelos Probabilísticos Bivariantes para 

la Economía. Doctoral Dissertation, Universidad de Granada.

VIVO, J.M. AND FRANCO, M. (2006). La distribución trapezoidal en la metodología PERT. XX 

Reunión Anual de ASEPELT, La Laguna.

WILLIAMS, T.M. (1992). Practical use of distributions in network analysis. Journal of the Operational 

Research Society, 43, 265-270.



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000500044004600206587686353ef901a8fc7684c976262535370673a548c002000700072006f006f00660065007200208fdb884c9ad88d2891cf62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef653ef5728684c9762537088686a5f548c002000700072006f006f00660065007200204e0a73725f979ad854c18cea7684521753706548679c300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020b370c2a4d06cd0d10020d504b9b0d1300020bc0f0020ad50c815ae30c5d0c11c0020ace0d488c9c8b85c0020c778c1c4d560002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken voor kwaliteitsafdrukken op desktopprinters en proofers. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents for quality printing on desktop printers and proofers.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /NoConversion
      /DestinationProfileName ()
      /DestinationProfileSelector /NA
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure true
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles true
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /NA
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /LeaveUntagged
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


